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Problem: Where is the muon?

1 W. J. Kossler, et. al., Phys. Rev. B 32, 293, (1985)
2 R. F. Kiefl, et. al., Phys. Rev. Lett. 60, 224, (1988)
J. Moller, et al., Phys. Rev. B 87, 121108(R) (2013) 

EXPERIMENTAL APPROACH
• Muonated Fe: follow the evolution of the muon frequency shift in a transverse field experiment as a 

function of the applied stress in a single Fe crystal1
• Muonated Si: stopping site of the BC muonium was determined using ALC results2

COMBINED THEORETICAL / EXPERIMENTAL APPROACH
• Muonated Fe3O4, ZnO and LiF:  the theoretical calculations are used for testing different potential 

muon stopping sites 

THEORETICAL APPROACH?
• Approach that relies on the analysis of the electrostatic potential of the bulk material obtained from 

Density Functional Theory (DFT) simulations.  This is know as the Unperturbed Electrostatic 
Potential Method (UEP)
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FIG. S1. (color online). Calculated electrostatic potential for the unperturbed solid. Blue coloring indicates regions that are
attractive to a positive charge, red regions repel a positive charge. Below and above the end of the scale the color coding is
blue and red respectively with no further gradient. The scale is relative and cannot be compared between di↵erent compounds.
Ions are drawn at their ionic radii. Li (blue), F (green), Ca (red), Co (magenta). The c axis is vertical. Arrows indicate the
dia- and paramagnetic muon sites obtained through a full relaxation, which agree with the experimentally determined muon
sites. In CoF2 the muonium site is close to the octahedral site that also hosts the diamagnetic muon. Note also that the muon
zero point energy, characterizing the extent of its delocalization in the absence of bonding, is about 0.8 eV in the F–µ–F state
and about 0.2� 0.6 eV as muonium, see tables I and II in the main text.

For Mu in CoF2 the dipolar coupling was estimated
from the dipolar coupling to the Co moments only. The
Mu electron spin density is approximately spherically
symmetric and therefore only yields a small contribution
to the dipolar coupling, which has been neglected. The
Co moment was assumed to be 2.64µB and the pertur-
bation of the n.n. moment was taken to be �25% (the
calculated reduction of the spin-only moment). The per-
turbation of the spin-only moments of the other Co ions
in the supercell was negligible. At di↵erent levels of ap-
proximation the dipolar coupling is 0.49 T (unperturbed
crystal), 0.72 T (crystallographic distortions only) and
0.52 T (crystallographic distortions and perturbation of
the n.n. Co moment), all are along c and have the same
sign as the contact coupling.

II. COMPARISON WITH ELECTROSTATIC
POTENTIAL

There has been considerable interest recently in iden-
tifying muon sites by locating the minima of the elec-
trostatic potential of the unperturbed host (calculated
at varying levels of complexity).S8–S12 In this section we
compare the sites of the dia- and paramagnetic muons ob-
tained through a full ionic relaxation (which, as demon-
strated, are in excellent agreement with the experimen-
tal sites) with the location of the minima of the elec-
trostatic potential of the unperturbed solid. We define
electrostatic potential to mean the inverted sum of the
conventional Hartree and ionic potentials (convention-
ally defined to be positive in regions that repel elec-
tronic charge density). The calculated electrostatic po-
tentials are shown in Fig. S1 for three of the compounds
of this series. It is evident that the minima of the elec-
trostatic potential do not coincide in general with the

correct dia- or paramagnetic muon sites.S13 In the dia-
magnetic case this is due to the interaction of the muon
with its host and in particular the formation of the molec-
ular F–µ–F state which, having the strongest known hy-
drogen bond,S14 releases a substantial amount of energy
upon formation. While interstitial muonium generally
interacts more weakly with the host due to the screening
by the Mu electron, this screening also makes muonium
less sensitive to the host’s electrostatic potential and the
site of muonium localization is mainly determined by the
space required to accommodate the Mu electron. Muo-
nium could also be located in a bond-centered rather than
an interstitial location, in which case there usually is a
significant interaction with the lattice.S15,S16 As argued
in the main text, the muon can have an exceptionally
large zero-point energy which needs to be taken into ac-
count if di↵erent candidate sites are investigated (in this
series the ionic relaxation only yielded a single dia- and
paramagnetic site). It is therefore clear that muon sites
should not be assigned to the minima of the electrostatic
potential of the unperturbed solid without detailed anal-
ysis.

III. EXPERIMENTAL SEARCH FOR F–µ–F
STATE IN COBALT(II) FLUORIDE

A powder sample of CoF2 (Sigma Aldrich 236128) was
wrapped in 25 µm silver foil and mounted in a 4He cryo-
stat on the GPS instrument at the Paul Scherrer In-
stitut in Switzerland. Above the critical temperature
of 37.85 K, we observed oscillations in the muon de-
cay asymmetry A(t) characteristic of an F–µ–F state,
see Fig. S2. The data were fitted to

A(t) = A1 exp(��1t)Dz

(t) +Abg exp(��bgt), (S1)

2

(a) LiF (011) (b) CaF2 (011) (c) CoF2

Mu

+

Mu

+

+

0 (and below)

1 eV (and above)

FIG. S1. (color online). Calculated electrostatic potential for the unperturbed solid. Blue coloring indicates regions that are
attractive to a positive charge, red regions repel a positive charge. Below and above the end of the scale the color coding is
blue and red respectively with no further gradient. The scale is relative and cannot be compared between di↵erent compounds.
Ions are drawn at their ionic radii. Li (blue), F (green), Ca (red), Co (magenta). The c axis is vertical. Arrows indicate the
dia- and paramagnetic muon sites obtained through a full relaxation, which agree with the experimentally determined muon
sites. In CoF2 the muonium site is close to the octahedral site that also hosts the diamagnetic muon. Note also that the muon
zero point energy, characterizing the extent of its delocalization in the absence of bonding, is about 0.8 eV in the F–µ–F state
and about 0.2� 0.6 eV as muonium, see tables I and II in the main text.

For Mu in CoF2 the dipolar coupling was estimated
from the dipolar coupling to the Co moments only. The
Mu electron spin density is approximately spherically
symmetric and therefore only yields a small contribution
to the dipolar coupling, which has been neglected. The
Co moment was assumed to be 2.64µB and the pertur-
bation of the n.n. moment was taken to be �25% (the
calculated reduction of the spin-only moment). The per-
turbation of the spin-only moments of the other Co ions
in the supercell was negligible. At di↵erent levels of ap-
proximation the dipolar coupling is 0.49 T (unperturbed
crystal), 0.72 T (crystallographic distortions only) and
0.52 T (crystallographic distortions and perturbation of
the n.n. Co moment), all are along c and have the same
sign as the contact coupling.

II. COMPARISON WITH ELECTROSTATIC
POTENTIAL

There has been considerable interest recently in iden-
tifying muon sites by locating the minima of the elec-
trostatic potential of the unperturbed host (calculated
at varying levels of complexity).S8–S12 In this section we
compare the sites of the dia- and paramagnetic muons ob-
tained through a full ionic relaxation (which, as demon-
strated, are in excellent agreement with the experimen-
tal sites) with the location of the minima of the elec-
trostatic potential of the unperturbed solid. We define
electrostatic potential to mean the inverted sum of the
conventional Hartree and ionic potentials (convention-
ally defined to be positive in regions that repel elec-
tronic charge density). The calculated electrostatic po-
tentials are shown in Fig. S1 for three of the compounds
of this series. It is evident that the minima of the elec-
trostatic potential do not coincide in general with the

correct dia- or paramagnetic muon sites.S13 In the dia-
magnetic case this is due to the interaction of the muon
with its host and in particular the formation of the molec-
ular F–µ–F state which, having the strongest known hy-
drogen bond,S14 releases a substantial amount of energy
upon formation. While interstitial muonium generally
interacts more weakly with the host due to the screening
by the Mu electron, this screening also makes muonium
less sensitive to the host’s electrostatic potential and the
site of muonium localization is mainly determined by the
space required to accommodate the Mu electron. Muo-
nium could also be located in a bond-centered rather than
an interstitial location, in which case there usually is a
significant interaction with the lattice.S15,S16 As argued
in the main text, the muon can have an exceptionally
large zero-point energy which needs to be taken into ac-
count if di↵erent candidate sites are investigated (in this
series the ionic relaxation only yielded a single dia- and
paramagnetic site). It is therefore clear that muon sites
should not be assigned to the minima of the electrostatic
potential of the unperturbed solid without detailed anal-
ysis.

III. EXPERIMENTAL SEARCH FOR F–µ–F
STATE IN COBALT(II) FLUORIDE

A powder sample of CoF2 (Sigma Aldrich 236128) was
wrapped in 25 µm silver foil and mounted in a 4He cryo-
stat on the GPS instrument at the Paul Scherrer In-
stitut in Switzerland. Above the critical temperature
of 37.85 K, we observed oscillations in the muon de-
cay asymmetry A(t) characteristic of an F–µ–F state,
see Fig. S2. The data were fitted to

A(t) = A1 exp(��1t)Dz

(t) +Abg exp(��bgt), (S1)

RAPID COMMUNICATIONS
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(e) + in CoF2 (f) Muonium in CoF2

(c) + in CaF2/BaF2 (d) Muonium in CaF2/BaF2

(a) + in LiF/NaF (b) Muonium in LiF/NaF

FIG. 1. (Color online) Calculated equilibrium geometries of dia-
and paramagnetic muon states in LiF/NaF (Li/Na blue, F green),
CaF2/BaF2 (Ca/Ba red), and CoF2 (Co magenta). Translucent spheres
represent the equilibrium ionic positions before the muon (brown) is
introduced into the crystal. Black lines are a guide to the eye. The
c axis is vertical.

calculated structures (Fig. 1) allow us to study the radial
displacements of the ions as a function of their unperturbed
distance from the muon site (Fig. 2). The calculated displace-
ments demonstrate that the muon’s perturbation is large but
short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
of the nearest neighbor (n.n.) cations even exceeds those
of the fluoride ions bound in the F-µ-F state. At short
distances the direct Coulomb interaction between the muon
and the surrounding ions dominates over the elastic interaction
transmitted through the lattice. We therefore expect similar
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FIG. 2. (Color online) The radial displacements of the ions as
a function of their distance from the muon site in the unperturbed
crystal. Cation (black circle), fluoride (blue square). For all com-
pounds the displacements are well converged already on a 2 × 2 × 2
supercell but for LiF and CoF2 the F-µ-F displacements are shown
for larger cells.

distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this
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Ab Initio Random Structure Searching (AIRSS)
1) Build 2x2x2 Si supercell
2) Define spherical region to randomly locate muonium atoms
3) Generate muonated structures placing muonium in randomised positions within the 

chosen region
4) Filter generated structures to remove redundant structures
5) Relax filtered structures using calculated DFT forces

AIRSS methodology in crystalline Si

A. J. Morris, et. al., Phys. Rev. B 80, 144112 (2009).
C. Pickard et. al. J. Phys.: Condens. Matter 23 (2011) 053201 

AIRSS: 600 structures Filtered: 80 structures2x2x2 Si supercell



• High-throughput DFT calculations performed 
with the CASTEP code, using norm-conserving 
pseudopotentials.

• Calculations have been done for neutral 
muonium in crystalline 2x2x2 Silicon supercells. 

• GGA (PBE) treatment of the exchange and 
correlation.  

• Spin polarized calculation with initial spin in 
muonium.

• Generated 600 structures with AIRSS, which 
were then filtered to 80. 

• Cluster analysis performed on the resulting 80 
structures.

Technical details of calculations

UK National Supercomputing Service



Cluster Analysis: hierarchical

Filtered: 80 structures

• Define 4D vector: (ET, mux, muy, muz)

• Look for “closeness” in 4D space

• 7 clusters identified

Python library Soprano (CCP NC ) https://ccpforge.cse.rl.ac.uk/gf/project/soprano/ SOPRANO



Cluster Analysis: k-means

SOPRANOPython library Soprano (CCP NC ) https://ccpforge.cse.rl.ac.uk/gf/project/soprano/
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Cluster Analysis: k-means

B. Patterson., Rev. Mod. Phys. 60, 69, (1988) 
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Conclusions

• We are developing a computational method to estimate the stopping sites of muons in 
crystalline materials

• Our method complements the known methodologies used for predicting the muon 
stopping sites.

• The method utilizes DFT calculations combined with the AIRSS methodology for 
generating a set of potential muonated structures 

• Machine learning techniques are then used to efficiently search for clusters in these 
structures 

• The Python library Soprano is used to implement the method and identify theclusters

• The method predicted the stopping site for BC muonium in Si and the stopping ‘region’ 
for muoniums in the tetragonal region in Si  

• We will be testing the method in Diamond, Germanium, LiF, NaF and NiO and MnO. 


