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Quantum Mechanical Approach to Systems

buckyball

Non-relativistic, time independent Schrödinger equation contains most of a system’s chemistry:
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Full quantum mechanical equations need to be simplified.



Born-Oppenheimer Approximation
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Assume that electronic relaxation is much faster than nuclei motion (me << mN)      Then can 
assume electrons move in the field of fixed nuclei      Then TNN is a parameter and the wave-
function is separable.  Hence, the new Schrödinger equation will be given by:
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WARNING: (me << mµ) NOT true for muons. 



The Trick of Density Functional Theory (DFT) 
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• n(r)=⟨𝜓 𝑟+,…𝑟E	 |𝜓 𝑟+, …𝑟(	 ⟩ electronic density.

• Eel[n(r)] = Te[n(r)] + VeN[n(r)] + VH[n(r)] + EXC[n(r)].  

• n(r)=⟨𝜑(𝑟+)… 𝜑(𝑟()|⟨𝜑(𝑟+)…𝜑(𝑟()|⟩ system of fictional N-independent particles 
each represented by 𝜑 𝑟3 .	Eel[n(r)] = T0

e[n(r)] + Veff[n(r)], with Hel=Tel+Veff.

• Problem reduced to solve the Schrödingerequation of one independent 
particle.  𝓗M𝒆𝒍 𝝋 𝒓𝒊 =𝜺el𝝋 𝒓𝒊

Veff



The Trick of Density Functional Theory (DFT) 

Problem reduced to solve the Schrödinger equation of one independent particle.  
𝓗M𝒆𝒍 𝝋 𝒓𝒊 =𝜺el𝝋 𝒓𝒊
𝝋 𝒓𝒊 =U𝒂𝒌𝜽(𝒓𝒊)𝒌

Initial 𝜑 𝑟3 ,	n0(r), 𝜀el

Calculate Veff[n(r)] assuming 
approx. for EXC[n(r)].

Solve ℋ"AB 𝜑 𝑟3 =𝜀el𝜑 𝑟3

Energy conv?

Output energies, forces, bond lengths, stresses, etc.
Yes

No



The Trick of Density Functional Theory (DFT) 

• Choose Code for your problem

• Basis set for 𝜑 𝑟3 : plane waves 
(CASTEP, VASP, ESPRESSO), 
localised basis set (CRYSTAL, SIESTA, 
GAUSSIAN).

• Approximate EXC[n(r)] (LDA, GGA, etc). 

• Use pseudopotential to replace core 
electrons. 

• Run self consistent calculation.
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Static first- and second-hyperpolarizability and the corresponding electric susceptibilities tensors through a Coupled Perturbed
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Internal interface to TOPOND for topological analysis of the charge density
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The CRYSTAL program computes the electronic structure of periodic systems within Hartree Fock, density functional or various hybrid
approximations (global, range-separated and double-hybrids). The Bloch functions of the periodic systems are expanded as linear
combinations of atom centred Gaussian functions. Powerful screening techniques are used to exploit real space locality. 
Restricted (Closed Shell) and Unrestricted (Spin-polarized) calculations can be performed with all-electron and valence-only basis sets
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groups are available ). Point symmetries compatible with translation symmetry are provided for molecules. Helical symmetry is now
available (up to order 48). 
Input tools allow the generation of a slab (2D system), or a cluster (0D system), from a 3D crystalline structure, or the creation of a
supercell with a defect, or nanotubes (1D system) from a single-layer slab model (2D system).

The code may be used to perform consistent studies of the physical and chemical properties of molecules, polymers, nanotubes,
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Muons in Molecular Systems

TF-µSR of Muonium 
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• Hfcc in vacuum muonium organic 
radicals range from 0 to 600 MHz.

• In paramagnetic muon states muon 
and electron’s spin interact.

• Gas and liquids, the hfcc is given by 
the isotropic hfcc:

• F-µSR to calculate 𝐴e as:

• Hfcc can indicate the spatial 
distribution of unpaired spin density, 
but do not provide the molecule’s 
structure directly.

• Unpaired electron’s spin interacts 
with spins of muons AND other 
nuclei.  And you can calculate the 
nuclear hfcc (Ap) using ALC 
techniques. Here we focus on Aµ.

𝐴e = 𝜈gh −	𝜈+2

12 
 

clearly demonstrate the need to include electron correlation in order to provide semi-quantitative 
agreement with experimental observations. The effectiveness of semi-empirical, Hartree-Fock, and 
DFT methods have also been evaluated in the work of Batra et al. [32], where a selection of small 
organic molecules were selected as prototype systems. However, the cyclohexadienyl muoniated 
radical was one of the first to be studied using the µSR technique [34], and is now considered a classic 
prototype system in muoniated radical chemistry [24, 35]. We therefore use this system to evaluate 
the effectiveness of various theoretical models, starting simple and building in complexity. 

When muonium reacts with an unsaturated C=C bond in benzene, the muoniated cyclohexadienyl 
radical is formed, with the unpaired electron density delocalised throughout the ring (Figure 5). It is 
therefore possible to observe the muon-electron, Aµ hyperfine coupling, as well as the ipso nuclear-
electron coupling. Ortho, meta and para couplings are possible in theory, but their distance from the 
muon makes them difficult to observe. Yu et al. reported TF and ALC µSR measurements of the 
cyclohexadienyl muoniated radical at 293 K, with hfcc’s of Aµ = 514.807 MHz for the muon and Ak = 
126.133 MHz for the ipso proton [36]. Here, we compare this data (calculated from least squares 
fitting) with values from static gas phase calculations at 300 K obtained using a selection of popular 
functionals (HF, TPSS [37], B3LYP [38], PBE [39] and PBE0 [40]) all in combination with the EPR-
III [41] basis set (Table 1). All of the calculations use a proton in place of the muon, and we account 
for the larger gyromagnetic ratio of the muon relative to the proton, by scaling Aµ values by a factor of 
3.183. However, since the structure was geometry optimised as a protonated radical, the C–µ and the 
C–H (ipso) bond lengths are unrepresentative of a muoniated radical. Consequently, the magnitudes 
of Aµ and Ak (ipso) appear to be significantly underestimated. The most computational inexpensive 
model, HF/EPR-III provides the best overall agreement; underestimating Aµ by 18.5 MHz (3.6 % 
error), and overestimating Ak by 29.8 MHz (23.6 % error) compared to the experimental values. 
Practically, in the setting of an ALC type experiment, this corresponds to a 686 Gauss and 2601 Gauss 
difference in the magnetic field positions of the ∆1 and ∆0 resonances, respectively. This magnitude of 
error is too large for the calculations to be considered useful, especially when considering application 
to more complicated systems where numerous radical species are possible, and the aim of the 
calculation is facilitate identification of the radical structure.  

 

Figure 5. muonium addition to benzene. 

 
 Aµ (MHz) ∆1Bres (Gauss) Ak ipso (MHz) ∆0Bres (Gauss) 

Exp.(a) 514.8 19088 126.1 20798 
HF 496.3 18402 (686) 155.9 18197 (2601) 
TPSS 477.1 17692 (1396) 149.9 17495 (3303) 
B3LYP 479.7 17785 (1303) 150.7 17587 (3211) 
PBE 485.5 18001 (1087) 152.5 17801 (2997) 
PBEO 473.7 17563 (1525) 148.8 17368 (3430) 

H

Mu 
Mu

Aµ

AP

Muon adds 
across double 
bond

Delocalized 
unpaired electron



Muons in Molecular Systems: Carbenes

anion (which can formally be viewed as the product of the
reaction between a carbene and the simplest radical, the electron)
has been generated electrochemically from a stable singlet
carbene and studied by electron spin resonance (ESR), cyclic
voltammetry, and theoretical methods13,14 The magnitude of the
proton coupling in the ESR spectrum of the radical anion derived
from 1,3,4-triphenyl-4,5-dihydro-1H-1,2,4-triazol-5-ylidene im-
plies that about two-thirds of the unpaired spin density is
delocalized onto one of the substituent phenyl rings. There is
also a small nitrogen coupling. Thus, at most, one-fourth of the
unpaired electron density remains at the nominal radical center
(the original carbene). In a formal sense, the H atom adduct
may be viewed as the protonated radical anion, but this cannot
be used to predict the preferred site of radical attack on the
carbene, which depends on both the reactivity of the various
sites and the geometry of the transition state.
For imidazol-2-ylidenes, it is not obvious how the hydrogen

atom will react, particularly given recent theoretical evidence
for π-electron delocalization around the ring.15,16 Thus, the
addition of a hydrogen atom to carbenes 1 and 2 could occur at
(a) the carbeneic carbon to produce 1a and 2a or (b) the alkeneic
carbon to produce 1b and 2b (Scheme 1). The hydrogen atom
might also add to the mesityl (2,4,6-trimethylphenyl) rings of
carbene 2, to give one or more of the cyclohexadienyl radicals
shown in Scheme 2.
The hydrogen atom is an excellent probe of reactivity because

its small size minimizes steric interference and its simple
structure avoids additional electronic effects. However, H is not
a common reagent for solution studies, largely because of
complications inherent in its generation. Most commonly, the
H atoms are produced by photolysis or radiolysis of water or
other protic solvents, but this usually results in other radical
species. In addition, such solvents are not compatible with
imidazol-2-ylidenes. Rather than use H atoms to generate the
radicals and ESR to observe them, we have used a light isotope
of hydrogen called muonium (Mu ) [µ+,e-]) and detected the
radicals by techniques collectively known as muon spin rotation

and resonance (µSR).17-20 Mu is a one-electron atom whose
nucleus is the positive muon; it is chemically identical to H,
but has one-ninth the mass. Its usefulness as a probe of hydrogen
atom chemistry is well documented.21-23
There are several advantages to using µSR rather than ESR:

(1) Mu is formed by irradiation of a sample with positive muons,
so there is no need for complicated mixtures necessary to
produce H, and there are no observable side reactions. (2) Mu
can be produced with the muon spins almost 100% polarized,
whereas the polarization in ESR experiments is normally limited
by the Boltzmann population difference (less than 0.1%
polarization for X-band ESR and room temperature). (3) The
muon is radioactive with a lifetime of 2.2 µs, and the positron
produced in the decay is emitted preferentially along the
direction of the muon spin, which provides a convenient method
of monitoring the evolution of the muon spin. Muon hyperfine
coupling constants (Aµ) can be measured by transverse field
muon spin rotation (TF-µSR), and the hyperfine coupling
constants (hfc’s) for other magnetic nuclei in the radical can be
determined by muon avoided level-crossing resonance (µLCR).
(4) The radicals detected by µSR are formed within 10 ns of
implantation of the muon, which allows for the determination
of the products formed solely by Mu addition and not by
rearrangements or any other process. (5) The relative signs of
the hfc’s can be determined by µLCR, something which is rarely
possible by ESR.
Here, we present theoretical calculations on the possible

radicals formed by hydrogen atom addition to the stable carbenes
1 and 2. We have focused our efforts on the imidazol-2-ylidenes
(1,2) because of their high symmetry and the availability of
isotopically labeled samples. The results of the calculations were
confirmed by the detection of muoniated radicals formed by
addition of muonium to the carbenes.
2. Computational Methods
Theoretical calculations on the parent carbenes and the radicals

resulting from Mu addition to the imidazole ring were carried out using
the Gaussian 98 suite of programs.24 The calculation of the hfc’s of
open shell systems has been a considerable challenge, and it is only
recently that density functional theory (DFT) calculations have been
successful in reproducing the geometry and magnetic properties of free
radicals at moderate computational cost, relative to other appropriate
methods.25,26 Accurate calculation of the hfc’s also requires inclusion
of solvent effects and averaging over large amplitude modes.27

(13) Enders, D.; Breuer, K.; Raabe, G.; Simonet, J.; Ghanimi, A.; Stegmann,
H. B.; Teles, J. H. Tetrahedron Lett. 1997, 38, 2833.

(14) Pause, L.; Robert, M.; Heinicke, J.; Kühl, O. J. Chem. Soc., Perkin Trans.
2 2001, 1383.

(15) Heinemann, C.; Müller, T.; Apeloig, Y.; Schwarz, H. J. Am. Chem. Soc.
1996, 118, 2023.

(16) Boehme, C.; Frenking, G. J. Am. Chem. Soc. 1996, 118, 2039.

(17) Cox, S. F. J. J. Phys. C: Solid State Phys. 1987, 20, 3187.
(18) Brewer, J. H. In Encyclopedia of Applied Physics; VCH Publishers: New

York, 1994; Vol. 11, pp 23-53.
(19) Roduner, E. Appl. Magn. Reson. 1997, 13, 1.
(20) Blundell, S. J. Contemp. Phys. 1999, 40, 175.
(21) Roduner, E. The PositiVe Muon as a Probe in Free Radical Chemistry;

Lecture Notes in Chemistry 49; Springer-Verlag: Berlin, 1988.
(22) Walker, D. C. J. Chem. Soc., Faraday Trans. 1998, 94, 1.
(23) Rhodes, C. J. J. Chem. Soc., Perkin Trans. 2 2002, 1379.
(24) Frisch, M. J.; Trucks, G. W.; Schlegel, H. B.; Scuseria, G. B.; Robb, M.

A.; Cheeseman, J. R.; Zakrzewski, V. G.; Montgomery, J. A., Jr.; Stratmann,
R. E.; Burant, J. C.; Dapprich, S.; Millam, J. M.; Daniels, A. D.; Kudin,
K. N.; Strain, M. C.; Farkas, O.; Tomasi, J.; Barone, V.; Cossi, M.; Cammi,
R.; Mennucci, B.; Pomelli, C.; Adamo, C.; Clifford, S.; Ochterski, J.;
Petersson, G. A.; Ayala, P. Y.; Cui, Q.; Morokuma, K.; Rega, N.; Salvador,
P.; Dannenberg, J. J.; Malick, D. K.; Rabuck, A. D.; Raghavachari, K.;
Foresman, J. B.; Cioslowski, J.; Ortiz, J. V.; Baboul, A. G.; Stefanov, B.
B.; Liu, G.; Liashenko, A.; Piskorz, P.; Komaromi, I.; Gomperts, R.; Martin,
R. L.; Fox, D. J.; Keith, T.; Al-Laham, M. A.; Peng, C. Y.; Nanayakkara,
A.; Challacombe, M.; Gill, P. M. W.; Johnson, B.; Chen, W.; Wong, M.
W.; Andres, J. L.; Gonzalez, C.; Head-Gordon, M.; Replogle, E. S.; Pople,
J. A. Gaussian 98, revision A.11.3; Gaussian, Inc.: Pittsburgh, PA, 2002.

(25) Malkin, V. G.; Malkina, O. L.; Eriksson, L. A.; Salatrub, D. R. In Modern
Density Functional Theory, A Tool for Chemistry; Seminario, J. M., Politzer,
P., Eds.; Elsevier: New York, 1995.

(26) Becke, A. D. J. Chem. Phys. 1993, 98, 1372.

Scheme 1. Possible Reactions of Stable Imidazole-type Carbenes
with the Hydrogen Atom (and Its Isotope Muonium, Mu)

AR T I C L E S McKenzie et al.

11566 J. AM. CHEM. SOC. 9 VOL. 125, NO. 38, 2003

• Use basis set of local functions.

• Approximate EXC[n(r)] using
B3LYP hybrid functional

• Hydrogen as Mu placed in chosen molecular 
sites.

• F-µSR to calculate 𝐴e as

• Used calculated reaction energies to place Mu 
in the molecule: (a) preferred site.

∆𝐸 𝑎 = 𝐸8lm3nlB . − 𝐸nl8oAEA. + 𝐸p

• Empirical treatment of zero point vibrational 
motions to determine geometry of molecule 
(isotope effect). C-Mu bond extended by 4.9% 
and fixed. Out-of-plane angle for the C-Mu bond 
optimized with experimental hfcc.
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I. McKenzie, et al., J. AM. CHEM. SOC. 9 VOL. 125, NO. 38, (2003) 

𝐴e = 𝜈gh −	𝜈+2

Imidazole-type Carbene



Muons in Molecular Systems: Carbenes, TF-µSR

• Use basis set of local functions.

• Approximate EXC[n(r)] using
B3LYP hybrid functional

• Hydrogen as Mu placed in chosen molecular 
sites.

• F-µSR to calculate 𝐴e as

• Used calculated reaction energies to place Mu 
in the molecule: (a) preferred site.

∆𝐸 𝑎 = 𝐸8lm3nlB . − 𝐸nl8oAEA. + 𝐸p

• Empirical treatment of vibrational motions to 
determine geometry of molecule (isotope 
effect). C-Mu bond extended by 4.9% and fixed. 
Out-of-plane angle for the C-Mu bond optimized 
with experimental hfcc.
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I. McKenzie, et al., J. AM. CHEM. SOC. 9 VOL. 125, NO. 38, (2003) 

𝐴e = 𝜈+2 −	𝜈gh = 𝟐𝟒𝟔. 𝟒	𝑴𝑯𝒛

TF-µSR of Muonium 

1

4
3

2

Magnetic Field

modeled this by reoptimizing the structure of 2a with the mesityl
rings fixed perpendicular to the N1-C2-N3 plane. This resulted
in negligible spin density on the mesityl rings and a larger muon
hfc.
The hfc’s of the muon and the R-carbon (C2) in 1a and 2a

were found to depend very strongly on the out-of-plane angle
φ,39 whereas the 14N hfc is not greatly affected (Table 2). Thus,
accurate prediction of hfc’s at a given temperature would require
calculation of the effect of vibrational averaging. Because a full
vibrational analysis is beyond our present computational
capability, we have resorted to an empirical procedure to
simulate the effect of vibrational averaging: The value of φ
was adjusted for each radical so that the calculated muon hfc’s
agree with those determined by experiment (see below). Tables
3 and 4 list the calculated hfc’s for the energy minimum and
vibrationally averaged radical structures.

4. µSR Experiments
The carbenes 1,3-bis(isopropyl)-4,5-dimethylimidazol-2-

ylidene43 (1) and 1,3-dimesityl-imidazol-2-ylidene41 (2) were
prepared following the literature procedures. A 13C-labeled

sample of 1 (40% enriched at C2) was prepared starting from
13CS2. The samples used for µSR consisted of a 1 M solution
of 1 in THF and a 0.5 M solution of 2 in THF. Prior to muon
irradiation, the solutions were subjected to several freeze-
pump-thaw cycles to remove any dissolved oxygen and then
sealed in nonmagnetic stainless steel cells. The cells are designed
such that the muon beam (nominal momentum 28 MeV/c)
passes with negligible loss through the 0.025 mm thick stainless
steel foil window but stops completely in the sample. The
temperature of the sample was maintained by circulating fluid
from a constant-temperature bath through the sample mount,
which was surrounded by vacuum. The experiments were
performed at the M20 beam line of the TRIUMF cyclotron
facility in Vancouver, B.C., using the HELIOS µSR spectrom-
eter. Details of the apparatus and the muon spectroscopic
techniques are available in greater detail elsewhere.44,45
Muon hyperfine coupling constants were determined by

transverse field muon spin rotation (TF-µSR). An example is
shown in Figure 3, which shows the effect of muon irradiation
of 1 at 298 K. Only one type of radical was found, as is evident
from the characteristic pair of frequencies above and below the
muon Larmor frequency. The difference between these two
radical precession frequencies is a direct measure of the muon
hfc:

The muon hfc for the radical produced from 1 was found to be
Aµ ) 246.43 ( 0.02 MHz. A similar experiment on carbene 2
yielded a single radical with muon hfc Aµ ) 286.69 ( 0.07
MHz at 298 K.
Hyperfine coupling constants for other nuclei in the radicals

were determined by muon avoided level-crossing resonance. In
this technique, each magnetic nucleus (characterized by a
hyperfine constant Ak) gives rise to a resonance at a value of
the magnetic field determined primarily by the difference
between Aµ and Ak:

where M is the z-component of the total spin of the unpaired

(43) Kuhn, N.; Kratz, T. Synthesis 1993, 561.

(44) Percival, P. W.; Brodovitch, J.-C.; Leung, S.-K.; Yu, D.; Kiefl, R. F.; Luke,
G. M.; Venkateswaran, K.; Cox, S. F. J. Chem. Phys. 1988, 127, 137.

(45) Percival, P. W.; Addison-Jones, B.; Brodovitch, J.-C.; Ghandi, K.; Schüth,
J. Can. J. Chem. 1999, 77, 326.

Table 2. Dependence of Selected Hyperfine Constants in 1a and
2a on the Out-of-Plane Angle (φ)

1a 2a

φ Aµ/MHz AC/MHz AN/MHz Aµ/MHz AC/MHz AN/MHz

25° 83.54 81.76 9.69 69.22 142.42 9.62
30° 161.74 99.05 8.76 157.00 166.98 10.20
35° 240.50 117.69 8.18 244.53 190.96 10.55
40° 318.70 136.00 7.97 330.36 215.59 10.59
45° 393.85 152.28 7.97 411.87 233.83 10.63

Table 3. Calculated Hyperfine Constantsa (MHz) and Energies of
Reactionb (kJ mol-1) for the Possible Radicals Formed by Mu
Addition to Carbene 1, and the Hyperfine Constants Determined
Experimentally

1ac,d 1ac,e 1bc expt.

Aµ
f 278.8 246.4g 401.0 246.4

AC(C2) +136.0 +119.0 7.4 +139.6
AN(N1) +8.3 +9.2 +0.5 +13.7
AN(N3) )AN(N1) )AN(N1) +4.0
Ap(CH3C5) +53.1h (+82.9)i
∆E -182.7 -122.3

a Proton hfc’s for isopropyl substituents are not reported. b ∆E )
E(radical) - [E(H) + E(carbene)]. c B3LYP/6-311G**//B3LYP/EPR-III.
dMinimum energy structure. e φ ) 35.3° to simulate vibrational averaging.
f Aµ ) Ap(γµ/γp). g Optimized to equal the experimental value. h Average
proton hfc in methyl group. i Rejected alternative assignment.

Table 4. Calculated Hyperfine Constantsa (MHz) and Energies of
Reactionb (kJ mol-1) for the Possible Radicals Formed by Mu
Addition to Carbene 2, and the Hyperfine Constants Determined
Experimentally

2ac,d 2ac,e 2bc expt.

Aµ
f 340.0 286.7g 401.0 286.7

AC(C2) +220.0 +202.9 +5.0
AN(N1) +10.6 +10.6 +0.9 +13.0
AN(N3) )AN(N1) )AN(N1) +3.6
Ap(HC4) +138.3 (+94.5)h
Ap(HC5) -43.6
∆E -213.8 -134.6

a Proton hfc’s for mesityl substituents are not reported. b ∆E) E(radical)
- [E(H) + E(carbene)]. c B3LYP/6-31G// B3LYP/EPR-II. dMinimum
energy structure. e φ ) 37.2° to simulate vibrational averaging. f Aµ ) Ap(γµ/
γp). g Optimized to equal the experimental value. h Rejected alternative
assignment.

Figure 3. Transverse field µSR spectrum at 14.4 kG from 1 in THF at
298 K. The pair of peaks at ca. 73 and 320 MHz is due to a muoniated
radical.
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H

is pyramidal (out-of-plane angle 40.1° for 1a; 41.4° for 2a). To
our knowledge, this is the first reported addition to a stable
carbene that does not produce a planar tricoordinate carbon. In
1a, the imidazole ring is no longer planar, being puckered at
N1 and N3 (out-of-plane angle 23°) with the H(Mu) adduct on
the side opposite to the isopropyl groups. The ring is close to
planar in the case of 2a, although this depends on the dihedral
angle between the mesityl rings and the imidazole ring. In the
fully optimized structure, the dihedral angle is 62°, and the ring
distortion is less than 1°. If the mesityl rings are forced to be
perpendicular to the imidazole ring, the out-of-plane deviation
increases to 3.4°.
The structures of 1b and 2b were found to be considerably

different from those of the parent carbenes. The C4-C5 and
C4-N3 bonds are significantly longer, while the N3-C4-C5
angle is smaller, due to the change in bonding at the site of
addition. The differences in the geometrical parameters extend
a considerable distance from the site of addition. The N1-C2-
N3 angle is also slightly larger in the radicals. The geometrical
parameters for the carbenes 1 and 2 and the radicals 1a, 1b,
2a, and 2b are reported in Table 1.
3.2. Energetics. To validate our thermochemical calculations,

we have investigated the reaction of H with triplet methylene.
Our calculations (UB3LYP/6-311G**) show that the addition
reaction is exothermic (-492.1 kJ mol-1), in good agreement
with literature values.42 Similar calculations were performed for
the addition of a hydrogen atom to either the carbeneic carbon
or the double bond of 1. In both cases, the reaction is exothermic
(-182.7 and -122.3 kJ mol-1, respectively), with radical 1a

(addition to the carbeneic site) favored. The same result was
found for carbene 2: the carbeneic site is favored over the
double bond (the energies of reaction are -213.8 and -134.6
kJ mol-1, respectively).
The distinguished coordinate paths for addition at the two

sites are shown in Figure 2. There is a discernible transition
state for addition to the double bond, with a C-Mu distance of
∼1.92 Å and an activation barrier of 4.5 kJ mol-1. This value
is similar to the barrier for the H + C2H4 reaction.32 There is
no clear transition state for reaction at the carbene site (C2).
While it is known that DFT methods have difficulty in locating
transition states, the fact that one was located for addition to
the double bond at C5 suggests that the lack of a transition state
is not due to problems with the theoretical model but actually
reflects the behavior of the system. The nonexistent activation
barrier for reaction at the carbeneic carbon suggests that this
should be the dominant pathway. We therefore expect that 1a
will be the major radical product for H(Mu) addition to 1, and
2a in the case of carbene 2.
3.3. Hyperfine Coupling Constants. The results of calcula-

tions on 1a indicate that the majority of the unpaired spin density
(74.9%) is localized on the R-carbon (C2), with 9.3% on each
of the adjacent nitrogens and a small amount of negative spin
density (-1.2%) on carbons 4 and 5. In 1b, most of the unpaired
spin density is localized on C4 (83.3%), with a small amount
of delocalization into the N1-C2-N3 fragment (7.3%, 7.8%,
and 6.3%, respectively).
Single-point calculations performed on the minimum energy

geometry of 2a show a small (4.4%) but significant amount of
unpaired spin density delocalized onto the mesityl rings. This
occurs because the optimized structure of 2a has the mesityl
rings at an angle of 61.9° to the N1-C2-N3 plane, resulting
in a small overlap of the π-system of the mesityl ring with the
imidazole ring. Torsional oscillations of the mesityl rings at
room temperature should make this overlap intermittent and
greatly reduce the spin delocalization, resulting in a higher
measured hfc than that calculated for a fixed geometry. X-ray
crystallography of 2 shows that the average position of the
mesityl rings is perpendicular to the imidazole rings, and it
would be reasonable to expect the same for 2a. We have

(42) Aoyagi, M.; Shepard, R.; Wagner, A. F.; Dunning, T. H., Jr.; Brown, F. B.
J. Phys. Chem. 1990, 94, 3236.

Figure 1. Optimized structure of 1a showing the nonplanar radical center
at C2. The H(Mu) adduct is colored red; the other atoms are H, gray; N,
green; and C, blue.

Table 1. Selected Bond Lengths (Å) and Angles (deg) Calculated
for Carbenes 1 and 2, Their Radicals Derived from the Addition of
H(Mu), and Experimental X-ray Crystallographic Data for 3

1aa 1ba 1a 3b 2ac 2bc 2c 2b

r(N1-C2) 1.430 1.386 1.377 1.363(1) 1.431 1.397 1.392 1.365(4)
r(N3-C2) 1.430 1.358 1.377 1.363(1) 1.431 1.367 1.392 1.371(4)
r(N1-C5) 1.418 1.414 1.415 1.394(1) 1.409 1.411 1.411 1.381(4)
r(N3-C4) 1.418 1.496 1.415 1.394(1) 1.409 1.504 1.411 1.378(4)
r(C4-C5) 1.363 1.505 1.367 1.352(2) 1.356 1.491 1.357 1.331(5)
θ(N1-C2-N3) 104.6 104.8 102.4 101.5(1) 104.0 103.6 101.2 101.4(2)
θ(C5-N1-C2) 108.6 113.8 112.8 113.47(8) 109.3 114.2 113.1 112.8(3)
θ(C2-N3-C4) 108.6 114.6 112.8 113.47(8) 109.3 115.0 113.1 112.8(3)
θ(N1-C5-C4) 108.5 106.2 106.0 105.78(5) 108.6 107.0 106.3 106.5(3)
θ(N3-C4-C5) 108.5 100.3 106.0 105.78(5) 108.6 100.2 106.3 106.5(3)

a Calculated values (B3LYP/6-311G**). b X-ray data from ref 41.
c Calculated values (B3LYP/6-31G).

Figure 2. Distinguished coordinate reaction paths for H addition to the
carbeneic (0) and alkeneic carbons (]) of 1.
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• Used calculated reaction energies to place Mu 
in the molecule: (a) preferred site.

∆𝐸 𝑎 = 𝐸8lm3nlB . − 𝐸nl8oAEA. + 𝐸p

• Adjust the theoretical Aµ to agree with the 
experimental value. 

• Aµ forms part of the Hamiltonian, it is directly 
related to the DFT’s total energy.  Need to 
account for ZPE and Temperature effect.

• Empirical treatment of vibrational motions to 
determine geometry of molecule. C-Mu bond 
extended by 4.9% and fixed. Out-of-plane angle 
for the C-Mu bond optimized with experimental 
hfcc.

• Model not transferable. Difficult to reproduce.  
Cannot predict muon stopping sites.

anion (which can formally be viewed as the product of the
reaction between a carbene and the simplest radical, the electron)
has been generated electrochemically from a stable singlet
carbene and studied by electron spin resonance (ESR), cyclic
voltammetry, and theoretical methods13,14 The magnitude of the
proton coupling in the ESR spectrum of the radical anion derived
from 1,3,4-triphenyl-4,5-dihydro-1H-1,2,4-triazol-5-ylidene im-
plies that about two-thirds of the unpaired spin density is
delocalized onto one of the substituent phenyl rings. There is
also a small nitrogen coupling. Thus, at most, one-fourth of the
unpaired electron density remains at the nominal radical center
(the original carbene). In a formal sense, the H atom adduct
may be viewed as the protonated radical anion, but this cannot
be used to predict the preferred site of radical attack on the
carbene, which depends on both the reactivity of the various
sites and the geometry of the transition state.
For imidazol-2-ylidenes, it is not obvious how the hydrogen

atom will react, particularly given recent theoretical evidence
for π-electron delocalization around the ring.15,16 Thus, the
addition of a hydrogen atom to carbenes 1 and 2 could occur at
(a) the carbeneic carbon to produce 1a and 2a or (b) the alkeneic
carbon to produce 1b and 2b (Scheme 1). The hydrogen atom
might also add to the mesityl (2,4,6-trimethylphenyl) rings of
carbene 2, to give one or more of the cyclohexadienyl radicals
shown in Scheme 2.
The hydrogen atom is an excellent probe of reactivity because

its small size minimizes steric interference and its simple
structure avoids additional electronic effects. However, H is not
a common reagent for solution studies, largely because of
complications inherent in its generation. Most commonly, the
H atoms are produced by photolysis or radiolysis of water or
other protic solvents, but this usually results in other radical
species. In addition, such solvents are not compatible with
imidazol-2-ylidenes. Rather than use H atoms to generate the
radicals and ESR to observe them, we have used a light isotope
of hydrogen called muonium (Mu ) [µ+,e-]) and detected the
radicals by techniques collectively known as muon spin rotation

and resonance (µSR).17-20 Mu is a one-electron atom whose
nucleus is the positive muon; it is chemically identical to H,
but has one-ninth the mass. Its usefulness as a probe of hydrogen
atom chemistry is well documented.21-23
There are several advantages to using µSR rather than ESR:

(1) Mu is formed by irradiation of a sample with positive muons,
so there is no need for complicated mixtures necessary to
produce H, and there are no observable side reactions. (2) Mu
can be produced with the muon spins almost 100% polarized,
whereas the polarization in ESR experiments is normally limited
by the Boltzmann population difference (less than 0.1%
polarization for X-band ESR and room temperature). (3) The
muon is radioactive with a lifetime of 2.2 µs, and the positron
produced in the decay is emitted preferentially along the
direction of the muon spin, which provides a convenient method
of monitoring the evolution of the muon spin. Muon hyperfine
coupling constants (Aµ) can be measured by transverse field
muon spin rotation (TF-µSR), and the hyperfine coupling
constants (hfc’s) for other magnetic nuclei in the radical can be
determined by muon avoided level-crossing resonance (µLCR).
(4) The radicals detected by µSR are formed within 10 ns of
implantation of the muon, which allows for the determination
of the products formed solely by Mu addition and not by
rearrangements or any other process. (5) The relative signs of
the hfc’s can be determined by µLCR, something which is rarely
possible by ESR.
Here, we present theoretical calculations on the possible

radicals formed by hydrogen atom addition to the stable carbenes
1 and 2. We have focused our efforts on the imidazol-2-ylidenes
(1,2) because of their high symmetry and the availability of
isotopically labeled samples. The results of the calculations were
confirmed by the detection of muoniated radicals formed by
addition of muonium to the carbenes.
2. Computational Methods
Theoretical calculations on the parent carbenes and the radicals

resulting from Mu addition to the imidazole ring were carried out using
the Gaussian 98 suite of programs.24 The calculation of the hfc’s of
open shell systems has been a considerable challenge, and it is only
recently that density functional theory (DFT) calculations have been
successful in reproducing the geometry and magnetic properties of free
radicals at moderate computational cost, relative to other appropriate
methods.25,26 Accurate calculation of the hfc’s also requires inclusion
of solvent effects and averaging over large amplitude modes.27

(13) Enders, D.; Breuer, K.; Raabe, G.; Simonet, J.; Ghanimi, A.; Stegmann,
H. B.; Teles, J. H. Tetrahedron Lett. 1997, 38, 2833.

(14) Pause, L.; Robert, M.; Heinicke, J.; Kühl, O. J. Chem. Soc., Perkin Trans.
2 2001, 1383.

(15) Heinemann, C.; Müller, T.; Apeloig, Y.; Schwarz, H. J. Am. Chem. Soc.
1996, 118, 2023.

(16) Boehme, C.; Frenking, G. J. Am. Chem. Soc. 1996, 118, 2039.

(17) Cox, S. F. J. J. Phys. C: Solid State Phys. 1987, 20, 3187.
(18) Brewer, J. H. In Encyclopedia of Applied Physics; VCH Publishers: New

York, 1994; Vol. 11, pp 23-53.
(19) Roduner, E. Appl. Magn. Reson. 1997, 13, 1.
(20) Blundell, S. J. Contemp. Phys. 1999, 40, 175.
(21) Roduner, E. The PositiVe Muon as a Probe in Free Radical Chemistry;

Lecture Notes in Chemistry 49; Springer-Verlag: Berlin, 1988.
(22) Walker, D. C. J. Chem. Soc., Faraday Trans. 1998, 94, 1.
(23) Rhodes, C. J. J. Chem. Soc., Perkin Trans. 2 2002, 1379.
(24) Frisch, M. J.; Trucks, G. W.; Schlegel, H. B.; Scuseria, G. B.; Robb, M.

A.; Cheeseman, J. R.; Zakrzewski, V. G.; Montgomery, J. A., Jr.; Stratmann,
R. E.; Burant, J. C.; Dapprich, S.; Millam, J. M.; Daniels, A. D.; Kudin,
K. N.; Strain, M. C.; Farkas, O.; Tomasi, J.; Barone, V.; Cossi, M.; Cammi,
R.; Mennucci, B.; Pomelli, C.; Adamo, C.; Clifford, S.; Ochterski, J.;
Petersson, G. A.; Ayala, P. Y.; Cui, Q.; Morokuma, K.; Rega, N.; Salvador,
P.; Dannenberg, J. J.; Malick, D. K.; Rabuck, A. D.; Raghavachari, K.;
Foresman, J. B.; Cioslowski, J.; Ortiz, J. V.; Baboul, A. G.; Stefanov, B.
B.; Liu, G.; Liashenko, A.; Piskorz, P.; Komaromi, I.; Gomperts, R.; Martin,
R. L.; Fox, D. J.; Keith, T.; Al-Laham, M. A.; Peng, C. Y.; Nanayakkara,
A.; Challacombe, M.; Gill, P. M. W.; Johnson, B.; Chen, W.; Wong, M.
W.; Andres, J. L.; Gonzalez, C.; Head-Gordon, M.; Replogle, E. S.; Pople,
J. A. Gaussian 98, revision A.11.3; Gaussian, Inc.: Pittsburgh, PA, 2002.

(25) Malkin, V. G.; Malkina, O. L.; Eriksson, L. A.; Salatrub, D. R. In Modern
Density Functional Theory, A Tool for Chemistry; Seminario, J. M., Politzer,
P., Eds.; Elsevier: New York, 1995.

(26) Becke, A. D. J. Chem. Phys. 1993, 98, 1372.

Scheme 1. Possible Reactions of Stable Imidazole-type Carbenes
with the Hydrogen Atom (and Its Isotope Muonium, Mu)
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• Use basis set of local functions.

• Approximate EXC[n(r)] using
B3LYP hybrid functional

• Hydrogen and Mu added to a C in C6H6.

• Empirical treatment of zero point vibrational 
motions to determine isotope effect. 

• C-Mu/H bond length changed to represent 
vibrational stretching mode.

• Out-of-plane/ In-plane bending angle for C-
Mu/H bond is changed to represent bending 
modes.

• Value of hyperfine constant averaged over 
populated zero-point level geometries.
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clearly demonstrate the need to include electron correlation in order to provide semi-quantitative 
agreement with experimental observations. The effectiveness of semi-empirical, Hartree-Fock, and 
DFT methods have also been evaluated in the work of Batra et al. [32], where a selection of small 
organic molecules were selected as prototype systems. However, the cyclohexadienyl muoniated 
radical was one of the first to be studied using the µSR technique [34], and is now considered a classic 
prototype system in muoniated radical chemistry [24, 35]. We therefore use this system to evaluate 
the effectiveness of various theoretical models, starting simple and building in complexity. 

When muonium reacts with an unsaturated C=C bond in benzene, the muoniated cyclohexadienyl 
radical is formed, with the unpaired electron density delocalised throughout the ring (Figure 5). It is 
therefore possible to observe the muon-electron, Aµ hyperfine coupling, as well as the ipso nuclear-
electron coupling. Ortho, meta and para couplings are possible in theory, but their distance from the 
muon makes them difficult to observe. Yu et al. reported TF and ALC µSR measurements of the 
cyclohexadienyl muoniated radical at 293 K, with hfcc’s of Aµ = 514.807 MHz for the muon and Ak = 
126.133 MHz for the ipso proton [36]. Here, we compare this data (calculated from least squares 
fitting) with values from static gas phase calculations at 300 K obtained using a selection of popular 
functionals (HF, TPSS [37], B3LYP [38], PBE [39] and PBE0 [40]) all in combination with the EPR-
III [41] basis set (Table 1). All of the calculations use a proton in place of the muon, and we account 
for the larger gyromagnetic ratio of the muon relative to the proton, by scaling Aµ values by a factor of 
3.183. However, since the structure was geometry optimised as a protonated radical, the C–µ and the 
C–H (ipso) bond lengths are unrepresentative of a muoniated radical. Consequently, the magnitudes 
of Aµ and Ak (ipso) appear to be significantly underestimated. The most computational inexpensive 
model, HF/EPR-III provides the best overall agreement; underestimating Aµ by 18.5 MHz (3.6 % 
error), and overestimating Ak by 29.8 MHz (23.6 % error) compared to the experimental values. 
Practically, in the setting of an ALC type experiment, this corresponds to a 686 Gauss and 2601 Gauss 
difference in the magnetic field positions of the ∆1 and ∆0 resonances, respectively. This magnitude of 
error is too large for the calculations to be considered useful, especially when considering application 
to more complicated systems where numerous radical species are possible, and the aim of the 
calculation is facilitate identification of the radical structure.  

 

Figure 5. muonium addition to benzene. 

 
 Aµ (MHz) ∆1Bres (Gauss) Ak ipso (MHz) ∆0Bres (Gauss) 

Exp.(a) 514.8 19088 126.1 20798 
HF 496.3 18402 (686) 155.9 18197 (2601) 
TPSS 477.1 17692 (1396) 149.9 17495 (3303) 
B3LYP 479.7 17785 (1303) 150.7 17587 (3211) 
PBE 485.5 18001 (1087) 152.5 17801 (2997) 
PBEO 473.7 17563 (1525) 148.8 17368 (3430) 

H

Mu 
Mu
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AP
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double bond
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tion to the symbols Fi, I'2, I'~~ for the irre-
ducible representations which were used in the
general discussion, Tisza's' symbols, A„A„,etc. ,
are given. These are more usefg. l for specific
applications since they are more descriptive.
Thus A and 8 refer to non-degenerate, Ei, E2 to
degenerate types of vibration. The subscript g
means that the vibration is symmetric with
respect to the inversion i, while I means that it
is anti-symmetric to i. A refers to vibrations that
are symmetric to rotation by 2x/n about the
n-fold axis; 8 labels vibrations which are anti-
symmetric to this operation. Table I also gives
the characters x,' of the reducibte representation;
i.e., the g s or R;, F;, Z;, r;, y;, s,. The operation
of C2, for example, on the molecule moves every
atom to a new position. Therefore, in the trans-
formation Eq. (12), each of the r;; must be zero so
that xg' is zero for C2. The same is true for the
operations belonging to the classes C3, C6, C2", i,
86, S3, and 0-y". This illustrates that it is only
the unshifted atoms which contribute to
Thus reHection of the molecule through the plane
of symmetry A shifts all but the atoms Ci, C4,
~i, II4. For these:

+x + r+
5

+

+
Qy

+
3

r
Y

+ r x + r
Y =Y= Y

ARgmAi, Argmrg,

A V&-+—F&, Ay&-+ —y&,
+N +r ~

17 gp, a . gaga

AZgmZg, Azgmsg.

with similar equations for C4, II4. The sum of the
coefficients r;; is thus +4.
When the values of h;x and x, &'& from Table I

are substituted in Eq. (14), the result is obtained
that:

F, „,=2F +2F +2F +4F +2F
(1) (1) (1) (2) (2)

+2r.+2r,+2r„+2r„+4r„. (17)
(1) (1) (1) (2) (2)

The figures in parentheses indicate the multi-
plicities of the frequencies derived from the
corresponding I";.
Before interpreting this in terms of frequencies

and factors of the secular equation, it is con-

' L. Tisza, Zeits. f. Physik 82, 48 (1933).

Fio. 3. Modes of vibration of benzene. 6a', 7a', 8a', 9a'
must be combined to give four true modes, and 18a', 19a',
20a' must be similarly combined.

venient to eliminate the QA, "s which refer to
translation and rotation of .the molecule as a
whole, since they do not enter into the calculation
of the frequencies. In Fig. 3, which shows the
modes of vibration of benzene, P, Z, coy,
represent translation and rotation with respect
to the F and Z axes, and the remaining trans-
lation and rotation are of course related to F
and coy by a rotation about the six-fold axis. The
symmetry properties of these motions, obtained
by inspection, show that Q. belongs to F8 and
Q~, to I'2, while Q„Q„and Q~, Q~„are two sets
of degenerate modes belonging to I'~2 and I'6,
respectively. When these are taken out, we
obtain:

Eg. Vibrational modes for the Benzene Molecule

• B. Hudson, et al., Molecules, 18, 4906-4916 (2013)
• Simulating hyperfine coupling constants of muoniated radicals. J. Peck, S. Cottrell and F. Pratt.
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clearly demonstrate the need to include electron correlation in order to provide semi-quantitative 
agreement with experimental observations. The effectiveness of semi-empirical, Hartree-Fock, and 
DFT methods have also been evaluated in the work of Batra et al. [32], where a selection of small 
organic molecules were selected as prototype systems. However, the cyclohexadienyl muoniated 
radical was one of the first to be studied using the µSR technique [34], and is now considered a classic 
prototype system in muoniated radical chemistry [24, 35]. We therefore use this system to evaluate 
the effectiveness of various theoretical models, starting simple and building in complexity. 

When muonium reacts with an unsaturated C=C bond in benzene, the muoniated cyclohexadienyl 
radical is formed, with the unpaired electron density delocalised throughout the ring (Figure 5). It is 
therefore possible to observe the muon-electron, Aµ hyperfine coupling, as well as the ipso nuclear-
electron coupling. Ortho, meta and para couplings are possible in theory, but their distance from the 
muon makes them difficult to observe. Yu et al. reported TF and ALC µSR measurements of the 
cyclohexadienyl muoniated radical at 293 K, with hfcc’s of Aµ = 514.807 MHz for the muon and Ak = 
126.133 MHz for the ipso proton [36]. Here, we compare this data (calculated from least squares 
fitting) with values from static gas phase calculations at 300 K obtained using a selection of popular 
functionals (HF, TPSS [37], B3LYP [38], PBE [39] and PBE0 [40]) all in combination with the EPR-
III [41] basis set (Table 1). All of the calculations use a proton in place of the muon, and we account 
for the larger gyromagnetic ratio of the muon relative to the proton, by scaling Aµ values by a factor of 
3.183. However, since the structure was geometry optimised as a protonated radical, the C–µ and the 
C–H (ipso) bond lengths are unrepresentative of a muoniated radical. Consequently, the magnitudes 
of Aµ and Ak (ipso) appear to be significantly underestimated. The most computational inexpensive 
model, HF/EPR-III provides the best overall agreement; underestimating Aµ by 18.5 MHz (3.6 % 
error), and overestimating Ak by 29.8 MHz (23.6 % error) compared to the experimental values. 
Practically, in the setting of an ALC type experiment, this corresponds to a 686 Gauss and 2601 Gauss 
difference in the magnetic field positions of the ∆1 and ∆0 resonances, respectively. This magnitude of 
error is too large for the calculations to be considered useful, especially when considering application 
to more complicated systems where numerous radical species are possible, and the aim of the 
calculation is facilitate identification of the radical structure.  

 

Figure 5. muonium addition to benzene. 

 
 Aµ (MHz) ∆1Bres (Gauss) Ak ipso (MHz) ∆0Bres (Gauss) 

Exp.(a) 514.8 19088 126.1 20798 
HF 496.3 18402 (686) 155.9 18197 (2601) 
TPSS 477.1 17692 (1396) 149.9 17495 (3303) 
B3LYP 479.7 17785 (1303) 150.7 17587 (3211) 
PBE 485.5 18001 (1087) 152.5 17801 (2997) 
PBEO 473.7 17563 (1525) 148.8 17368 (3430) 

H1

Mu or H1’ 

Aµ

AP

Stretching potential energy with ZPC levels and probability 
distributions for H and Mu and variation. 

Aµ(C6H6-Mu)-Aµ(C6H6-H1’) (in 
Gauss)

Exp. 12.32

Calc. 11.32

• B. Hudson, et al., Molecules, 18, 4906-4916 (2013)
• Simulating hyperfine coupling constants of muoniated radicals. J. Peck, S. Cottrell and F. Pratt.
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Figure 8. 5th order polynomial fit (red line) to the C-μ bond displacement simulated for the C6H7 

radical using the B3LYP/EPR-III model chemistry. Blue line indicates the ZPE level for the C-µ 
stretching vibration, black line indicates the simulated ZPE wave function, normalised to the plot. 

 

Figure 9. Muon hfcc as a function of C-H bond displacement simulated for the C6H7 radical using the 

B3LYP/EPR-III model chemistry. 

The hfcc’s were plotted against the displacement values and the results plotted and fitted with an 
appropriate function (data from the uB3LYP/EPR-III calculations shown in Figure 9 was fitted with a 
five parameter logistic regression). The hfcc function was then evaluated at the same values of 
displacement as the normalised square of the wave function, and products of the two determined. The 
ratio of these products, versus the equilibrium hfcc were calculated, and summed over all the 
evaluated values to obtain the value P: 
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3 8.04: Lecture 8 

•  Node theorem still holds 
•  Asymmetry of potential breaks (anti)symmetry of eigenfunctions 
•  Shallow versus deep parts of well 

–  Deeper part of well ! shorter � as p = h��1 so particle travels faster there 
–  Deeper part of well ! lesser amplitude as particle spends less time there so 

probability density is less there 

4. Harmonic oscillator 

•  Node theorem still holds 
•  Many symmetries present 
•  Evenly-spaced discrete energy spectrum is very special! 

So why do we study the harmonic oscillator? We do because we know how to solve it exactly,  
and it is a very good approximation for many, many systems.  
(picture of interatomic potential?)  

Such problems are in general di�cult. But we can expand the potential in a Taylor series  
about the equilibrium, and if we stay close to the equilibrium point, we can drop terms other  
than second-order (as the zeroth-order term is an uninteresting constant o↵set, the first-order  
term is zero at the equilibrium, and higher-than-second-order terms are negligible):  
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how the spring constant relates to the oscillation frequency and redefining the origin for 
convenience, we will be studying the system 
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As a side note, can you think of systems for which this approximation is not a good one? 
One example might be V (x) = ↵x4 for some proportionality constant ↵. 

The energy eigenstates of the harmonic oscillator form a family labeled by n coming from 
Ê�(x; n) = E
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8.04: Lecture 8  9 

Let us construct some solutions for this. For n = 0, we have " = 1, so a2 = 0, and we can 
impose that a1 = a3 = a5 = . . . = 0. This implies that s(u) = a0, so 

2 
2

�(u; 0) = a0e � u 
.  (0.27) 

For n = 1, we have " = 3, so finding that a3 = 0 and imposing a0 = a2 = a4 = . . . = 0 
implies that s(u) = a1u, so 
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Repeating this process yields 
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where H
n

(u) is the nth Hermite polynomial, which is a special set of polynomial functions. 
Using the definition of these polynomials as used in mathematics yields 
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for the normalization factors. 

Let us review the properties of the harmonic oscillator: 
•  The energies are quantized as  

1  
E

n = ~ n + !  (0.30)
2  

which are evenly spaced!  

• There is 
1 

E0 = ~!  (0.31)
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as the nonzero ground state energy. This is not arbitrary; while the bottom of the well 
is arbitrary, the ground state energy is 12 ~! above that bottom. 

• The eigenfunctions satisfy the node theorem as H
n

(u) is an nth-order polynomial in 
u. These also satisfy even/odd parity. 

• General states are given by 
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Muons in Molecular System: Summary

is pyramidal (out-of-plane angle 40.1° for 1a; 41.4° for 2a). To
our knowledge, this is the first reported addition to a stable
carbene that does not produce a planar tricoordinate carbon. In
1a, the imidazole ring is no longer planar, being puckered at
N1 and N3 (out-of-plane angle 23°) with the H(Mu) adduct on
the side opposite to the isopropyl groups. The ring is close to
planar in the case of 2a, although this depends on the dihedral
angle between the mesityl rings and the imidazole ring. In the
fully optimized structure, the dihedral angle is 62°, and the ring
distortion is less than 1°. If the mesityl rings are forced to be
perpendicular to the imidazole ring, the out-of-plane deviation
increases to 3.4°.
The structures of 1b and 2b were found to be considerably

different from those of the parent carbenes. The C4-C5 and
C4-N3 bonds are significantly longer, while the N3-C4-C5
angle is smaller, due to the change in bonding at the site of
addition. The differences in the geometrical parameters extend
a considerable distance from the site of addition. The N1-C2-
N3 angle is also slightly larger in the radicals. The geometrical
parameters for the carbenes 1 and 2 and the radicals 1a, 1b,
2a, and 2b are reported in Table 1.
3.2. Energetics. To validate our thermochemical calculations,

we have investigated the reaction of H with triplet methylene.
Our calculations (UB3LYP/6-311G**) show that the addition
reaction is exothermic (-492.1 kJ mol-1), in good agreement
with literature values.42 Similar calculations were performed for
the addition of a hydrogen atom to either the carbeneic carbon
or the double bond of 1. In both cases, the reaction is exothermic
(-182.7 and -122.3 kJ mol-1, respectively), with radical 1a

(addition to the carbeneic site) favored. The same result was
found for carbene 2: the carbeneic site is favored over the
double bond (the energies of reaction are -213.8 and -134.6
kJ mol-1, respectively).
The distinguished coordinate paths for addition at the two

sites are shown in Figure 2. There is a discernible transition
state for addition to the double bond, with a C-Mu distance of
∼1.92 Å and an activation barrier of 4.5 kJ mol-1. This value
is similar to the barrier for the H + C2H4 reaction.32 There is
no clear transition state for reaction at the carbene site (C2).
While it is known that DFT methods have difficulty in locating
transition states, the fact that one was located for addition to
the double bond at C5 suggests that the lack of a transition state
is not due to problems with the theoretical model but actually
reflects the behavior of the system. The nonexistent activation
barrier for reaction at the carbeneic carbon suggests that this
should be the dominant pathway. We therefore expect that 1a
will be the major radical product for H(Mu) addition to 1, and
2a in the case of carbene 2.
3.3. Hyperfine Coupling Constants. The results of calcula-

tions on 1a indicate that the majority of the unpaired spin density
(74.9%) is localized on the R-carbon (C2), with 9.3% on each
of the adjacent nitrogens and a small amount of negative spin
density (-1.2%) on carbons 4 and 5. In 1b, most of the unpaired
spin density is localized on C4 (83.3%), with a small amount
of delocalization into the N1-C2-N3 fragment (7.3%, 7.8%,
and 6.3%, respectively).
Single-point calculations performed on the minimum energy

geometry of 2a show a small (4.4%) but significant amount of
unpaired spin density delocalized onto the mesityl rings. This
occurs because the optimized structure of 2a has the mesityl
rings at an angle of 61.9° to the N1-C2-N3 plane, resulting
in a small overlap of the π-system of the mesityl ring with the
imidazole ring. Torsional oscillations of the mesityl rings at
room temperature should make this overlap intermittent and
greatly reduce the spin delocalization, resulting in a higher
measured hfc than that calculated for a fixed geometry. X-ray
crystallography of 2 shows that the average position of the
mesityl rings is perpendicular to the imidazole rings, and it
would be reasonable to expect the same for 2a. We have

(42) Aoyagi, M.; Shepard, R.; Wagner, A. F.; Dunning, T. H., Jr.; Brown, F. B.
J. Phys. Chem. 1990, 94, 3236.

Figure 1. Optimized structure of 1a showing the nonplanar radical center
at C2. The H(Mu) adduct is colored red; the other atoms are H, gray; N,
green; and C, blue.

Table 1. Selected Bond Lengths (Å) and Angles (deg) Calculated
for Carbenes 1 and 2, Their Radicals Derived from the Addition of
H(Mu), and Experimental X-ray Crystallographic Data for 3

1aa 1ba 1a 3b 2ac 2bc 2c 2b

r(N1-C2) 1.430 1.386 1.377 1.363(1) 1.431 1.397 1.392 1.365(4)
r(N3-C2) 1.430 1.358 1.377 1.363(1) 1.431 1.367 1.392 1.371(4)
r(N1-C5) 1.418 1.414 1.415 1.394(1) 1.409 1.411 1.411 1.381(4)
r(N3-C4) 1.418 1.496 1.415 1.394(1) 1.409 1.504 1.411 1.378(4)
r(C4-C5) 1.363 1.505 1.367 1.352(2) 1.356 1.491 1.357 1.331(5)
θ(N1-C2-N3) 104.6 104.8 102.4 101.5(1) 104.0 103.6 101.2 101.4(2)
θ(C5-N1-C2) 108.6 113.8 112.8 113.47(8) 109.3 114.2 113.1 112.8(3)
θ(C2-N3-C4) 108.6 114.6 112.8 113.47(8) 109.3 115.0 113.1 112.8(3)
θ(N1-C5-C4) 108.5 106.2 106.0 105.78(5) 108.6 107.0 106.3 106.5(3)
θ(N3-C4-C5) 108.5 100.3 106.0 105.78(5) 108.6 100.2 106.3 106.5(3)

a Calculated values (B3LYP/6-311G**). b X-ray data from ref 41.
c Calculated values (B3LYP/6-31G).

Figure 2. Distinguished coordinate reaction paths for H addition to the
carbeneic (0) and alkeneic carbons (]) of 1.

AR T I C L E S McKenzie et al.

11568 J. AM. CHEM. SOC. 9 VOL. 125, NO. 38, 2003
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clearly demonstrate the need to include electron correlation in order to provide semi-quantitative 
agreement with experimental observations. The effectiveness of semi-empirical, Hartree-Fock, and 
DFT methods have also been evaluated in the work of Batra et al. [32], where a selection of small 
organic molecules were selected as prototype systems. However, the cyclohexadienyl muoniated 
radical was one of the first to be studied using the µSR technique [34], and is now considered a classic 
prototype system in muoniated radical chemistry [24, 35]. We therefore use this system to evaluate 
the effectiveness of various theoretical models, starting simple and building in complexity. 

When muonium reacts with an unsaturated C=C bond in benzene, the muoniated cyclohexadienyl 
radical is formed, with the unpaired electron density delocalised throughout the ring (Figure 5). It is 
therefore possible to observe the muon-electron, Aµ hyperfine coupling, as well as the ipso nuclear-
electron coupling. Ortho, meta and para couplings are possible in theory, but their distance from the 
muon makes them difficult to observe. Yu et al. reported TF and ALC µSR measurements of the 
cyclohexadienyl muoniated radical at 293 K, with hfcc’s of Aµ = 514.807 MHz for the muon and Ak = 
126.133 MHz for the ipso proton [36]. Here, we compare this data (calculated from least squares 
fitting) with values from static gas phase calculations at 300 K obtained using a selection of popular 
functionals (HF, TPSS [37], B3LYP [38], PBE [39] and PBE0 [40]) all in combination with the EPR-
III [41] basis set (Table 1). All of the calculations use a proton in place of the muon, and we account 
for the larger gyromagnetic ratio of the muon relative to the proton, by scaling Aµ values by a factor of 
3.183. However, since the structure was geometry optimised as a protonated radical, the C–µ and the 
C–H (ipso) bond lengths are unrepresentative of a muoniated radical. Consequently, the magnitudes 
of Aµ and Ak (ipso) appear to be significantly underestimated. The most computational inexpensive 
model, HF/EPR-III provides the best overall agreement; underestimating Aµ by 18.5 MHz (3.6 % 
error), and overestimating Ak by 29.8 MHz (23.6 % error) compared to the experimental values. 
Practically, in the setting of an ALC type experiment, this corresponds to a 686 Gauss and 2601 Gauss 
difference in the magnetic field positions of the ∆1 and ∆0 resonances, respectively. This magnitude of 
error is too large for the calculations to be considered useful, especially when considering application 
to more complicated systems where numerous radical species are possible, and the aim of the 
calculation is facilitate identification of the radical structure.  

 

Figure 5. muonium addition to benzene. 

 
 Aµ (MHz) ∆1Bres (Gauss) Ak ipso (MHz) ∆0Bres (Gauss) 

Exp.(a) 514.8 19088 126.1 20798 
HF 496.3 18402 (686) 155.9 18197 (2601) 
TPSS 477.1 17692 (1396) 149.9 17495 (3303) 
B3LYP 479.7 17785 (1303) 150.7 17587 (3211) 
PBE 485.5 18001 (1087) 152.5 17801 (2997) 
PBEO 473.7 17563 (1525) 148.8 17368 (3430) 

H

Mu 
Mu

Aµ

AP

Muon adds 
across double 
bond

Delocalized 
unpaired electron

• Basis set of local functions and B3LYP hybrid 
functional provide sensible structures for the 
molecules.

• Mu placed in chosen molecular sites.  Sites 
chosen using DFT reaction energies.

• Empirical treatment of vibrational motions to 
determine the isotope effect. Uses few 
vibrational modes and assume those to be 
isolated.

• Method for ZPE not necessarily transferable to 
more complex molecules. 

• Current DFT calculations can assist the 
experiments.

• Needs to develop method for treatment of 
vibrational contributions.



Organization of the Talk

SECTION 1:

Key concepts, approximations and computer 
implementations of DFT. 

SECTION 2: 

How DFT results  can be related to muon results in molecular 
systems: the case of Carbene, C6H6-Mu and C6H7

SECTION 3:

How DFT results  can be related to muon results in periodic 
systems: the case of fluorides. 

SECTION 4:

How to improve the approximations used in DFT: Treatment 
of the vibrational contributions and the location of the muon 
stopping sites.



µ+/Muonium in Fluorides 

J. Moller, et al., Phys. Rev. B 87, 121108(R) (2013) 
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(e) + in CoF2 (f) Muonium in CoF2

(c) + in CaF2/BaF2 (d) Muonium in CaF2/BaF2

(a) + in LiF/NaF (b) Muonium in LiF/NaF

FIG. 1. (Color online) Calculated equilibrium geometries of dia-
and paramagnetic muon states in LiF/NaF (Li/Na blue, F green),
CaF2/BaF2 (Ca/Ba red), and CoF2 (Co magenta). Translucent spheres
represent the equilibrium ionic positions before the muon (brown) is
introduced into the crystal. Black lines are a guide to the eye. The
c axis is vertical.

calculated structures (Fig. 1) allow us to study the radial
displacements of the ions as a function of their unperturbed
distance from the muon site (Fig. 2). The calculated displace-
ments demonstrate that the muon’s perturbation is large but
short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
of the nearest neighbor (n.n.) cations even exceeds those
of the fluoride ions bound in the F-µ-F state. At short
distances the direct Coulomb interaction between the muon
and the surrounding ions dominates over the elastic interaction
transmitted through the lattice. We therefore expect similar
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FIG. 2. (Color online) The radial displacements of the ions as
a function of their distance from the muon site in the unperturbed
crystal. Cation (black circle), fluoride (blue square). For all com-
pounds the displacements are well converged already on a 2 × 2 × 2
supercell but for LiF and CoF2 the F-µ-F displacements are shown
for larger cells.

distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this

121108-2

• Use basis set of plane waves.

• Approximate EXC[n(r)] using GGA

• Pseudopotentials used for core electrons.

• µ+ (diamagnetic) and Muonium (paramagnetic) 
placed in chosen low-symmetry crystalline sites 
of Fluorides.

• All ions were allowed to relax until forces below 
threshold.

• Calculated total energies, band structures, 
vibrational modes at gamma, estimated 
magnetic moments. 



µ+ in Fluorides: Cations Displacement and F-µ-F State
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(e) + in CoF2 (f) Muonium in CoF2

(c) + in CaF2/BaF2 (d) Muonium in CaF2/BaF2

(a) + in LiF/NaF (b) Muonium in LiF/NaF

FIG. 1. (Color online) Calculated equilibrium geometries of dia-
and paramagnetic muon states in LiF/NaF (Li/Na blue, F green),
CaF2/BaF2 (Ca/Ba red), and CoF2 (Co magenta). Translucent spheres
represent the equilibrium ionic positions before the muon (brown) is
introduced into the crystal. Black lines are a guide to the eye. The
c axis is vertical.

calculated structures (Fig. 1) allow us to study the radial
displacements of the ions as a function of their unperturbed
distance from the muon site (Fig. 2). The calculated displace-
ments demonstrate that the muon’s perturbation is large but
short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
of the nearest neighbor (n.n.) cations even exceeds those
of the fluoride ions bound in the F-µ-F state. At short
distances the direct Coulomb interaction between the muon
and the surrounding ions dominates over the elastic interaction
transmitted through the lattice. We therefore expect similar
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FIG. 2. (Color online) The radial displacements of the ions as
a function of their distance from the muon site in the unperturbed
crystal. Cation (black circle), fluoride (blue square). For all com-
pounds the displacements are well converged already on a 2 × 2 × 2
supercell but for LiF and CoF2 the F-µ-F displacements are shown
for larger cells.

distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this
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• Equilibrium geometries predict the 
formation of F-µ-F in all the fluorides.  In 
agreement with experiments for LiF, NaF, 
CaF2 and BaF2. 

• No experimental evidence of any other 
stable diamagnetic state in these series. 

• Perturbation caused by muon in host’s 
cations is large but short ranged.  Exceeds 
that of F- in F-µ-F. 

• No experimental evidence of F-µ-F in CoF2. 
F-µ-F state in CoF2 predicted by 
calculations and confirmed by 
experiments.
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QUANTUM STATES OF MUONS IN FLUORIDES PHYSICAL REVIEW B 87, 121108(R) (2013)

series only CoF2 is magnetic. The spin-only moment was
estimated from a Löwdin population analysis to be 2.68µB
per Co ion. This compares with a total moment of 2.60(4)µB
measured with powder neutron diffraction21 and a spin-only
moment of 2.21(2)µB determined from high-energy photon
diffraction.22 We find the largest perturbation of the Co
spin-only moment due to the presence of the diamagnetic
muon to be about ±0.5% and therefore negligible. We believe
that the perturbation of the total moment will be similar
and therefore have a negligible effect on experimental µ+SR
spectra.15

In a µ+SR experiment, a muon at position rµ couples to the
dipolar field15 Bdip(rµ) of the host’s magnetic moments. There
is negligible contact hyperfine coupling for the diamagnetic
F-µ-F muons, so in CoF2 the F-µ-F muons only probe Bdip(rµ),
which we have calculated for both an unperturbed crystal
and an aperiodic perturbed crystal (simulating the presence
of the muon).15 The perturbation of the magnetic moments
has been neglected. Our calculations predict a reduction
of the dipolar field at the muon site by 21.4% (2 × 2 × 2
supercell), 23.6% (3 × 2 × 3 supercell), and 23.9% (4 × 2 × 2
supercell). Experimentally the dipolar coupling is measured to
be 16% lower16 than expected from a Co moment of 2.64µB.
This is in reasonable agreement with our prediction and
demonstrates that relaxed geometries obtained from DFT are
suitable for calculating corrections to expected dipolar fields
and hence magnetic moments measured by µ+SR. Note that
the perturbation of the n.n. cations in CoF2 is fairly moderate
in comparison with the other compounds in this series (Fig. 2).
Nonetheless the n.n. cation displacements in CoF2 have a
significant effect on the calculated dipolar coupling due to the
short-ranged nature of the dipolar interaction.15 This illustrates
that in ionic insulators the muon’s perturbation cannot be
neglected if magnetic moments are to be measured accurately
by µ+SR. In more covalent compounds we expect the µ+

charge to be more screened and so structural distortions are
probably smaller.

All of the results above are valid for a positive muon,
a proton, or a deuteron defect and are “classical” in the
sense that they do not take account of zero-point effects
due to the small muon mass (mµ ≈ mp/9). We have used
density-functional perturbation theory23 (DFPT) to calculate
the vibrational properties of the F-µ-F system in the solid
and in vacuum (Table I). In vacuum the linear (F-µ-F)−

anion has four vibrational modes: symmetric stretch, bending
(twofold degenerate), and asymmetric stretch. In the solid the
twofold degeneracy of the bending mode is broken due to the
symmetry of the site: in LiF, NaF, CaF2, and BaF2 there are
two fundamentally inequivalent directions of bending; one is
towards a neighboring cation and is shifted up in frequency
while the other direction is into a “gap” in the crystal structure
and is shifted down in frequency. The asymmetric stretch is
very similar to its vacuum value except in CaF2, where the
small bond length leads to a larger value. In CaF2, BaF2, and
CoF2 all F-µ-F modes are highly localized and decouple from
the lattice modes. The decoupling of the vibrational modes of
the linear F-µ-F system illustrates that it may be viewed as a
molecule-in-a-crystal defect similar to the VK center found in
the alkali halides.24 In LiF and NaF the symmetric stretch mode
mixes with the lattice modes so this analogy is slightly less

TABLE I. Calculated (DFT) and experimental (exp) properties of
the diamagnetic F-µ-F states in solid and vacuum, and of the (FHF)−

molecular ion in vacuum. r (Å) is the muon-fluoride bond length, ν

is the frequency (cm−1) of the symmetric stretch (SS), asymmetric
stretch (AS), and bending (B) mode, and ZPE is the zero-point energy
(eV). aOur calculation. bExperimental data (Ref. 19). cRef. 20 reports
1377 cm−1.

2rDFT 2rexp νSS νB νB νAS ZPE

(FHF)−a 2.36 2.28 581 1289 1289 1611 0.30
(FHF)−b 2.28 583 1286 1286 1331c 0.28
(F-µ-F)− 2.36 581 3797 3797 4748 0.80
LiF 2.3418 2.36(2)12 2825 4603 4881 0.76
NaF 2.35 2.38(1)12 3071 4363 4813 0.76
CaF2 2.31 2.34(2)12 649 2737 4481 5446 0.83
BaF2 2.33 2.37(2)12 613 3033 4130 4974 0.79
CoF2 2.36 2.43(2) 585 3076 3473 4570 0.73

apposite. From the frequencies of the decoupled vibrational
modes we have estimated the zero-point energy (ZPE) of the
system (in the harmonic approximation). The muon-fluoride
(or hydrogen-fluoride) bond is the strongest known hydrogen
bond in nature.25 Combined with the small mass of the muon
this leads to the exceptionally large ZPE of the F-µ-F center
of 0.80 eV in vacuum, which is larger than the ZPE of any
natural triatomic molecule (the ZPEs of H2O and H+

3 are 0.56
and 0.54 eV, respectively26). This demonstrates the importance
of quantum effects in muon localization.

We now discuss the properties of the neutral muonium (Mu)
state in this series. The calculated equilibrium geometries
are shown in Fig. 1. Since the muon charge is screened by
an electron, the Mu site is fundamentally different to the
diamagnetic site. In LiF and NaF, Mu occupies the octahedral
interstitial site. An interstitial site was previously suggested
based on the observed hyperfine coupling.27 In CaF2 and BaF2,
Mu occupies the octahedral cation-cation centered site; the
fluoride-fluoride centered octahedral site is unstable. In CoF2
we find a single Mu site in a nearly octahedral position at
approximately (0.56, 0.84, 0.50), distorted by the neighboring
fluoride. Figure 2 shows the radial displacements of the ions
from the Mu defect. Due to the screening effect of the Mu
electron, the displacements are generally much smaller than
for the diamagnetic µ+. In LiF, NaF, CaF2, and BaF2 the
displacements of the n.n. ions are again along the radial
direction due to the symmetry of the Mu site and the ions
are only displaced away from the Mu. In CoF2 the symmetry
of the Mu site is lower, leading to small displacements in the
tangential direction, even for the n.n. shell, through elastic
interactions with the lattice. These are also the likely cause
for the effective attraction of some ions despite the neutral
charge state of Mu. All of this also applies to neutral interstitial
hydrogen H0

i .
The paramagnetic state is experimentally characterized

by the (dipolar and contact) hyperfine coupling between the
muon (proton) spin and the surrounding spin density. For all
paramagnetic states above, except the one in CoF2, the dipolar
coupling cancels by symmetry. Unlike in the diamagnetic
case, the n.n. Co spin-only moment is significantly perturbed
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(e) + in CoF2 (f) Muonium in CoF2

(c) + in CaF2/BaF2 (d) Muonium in CaF2/BaF2

(a) + in LiF/NaF (b) Muonium in LiF/NaF

FIG. 1. (Color online) Calculated equilibrium geometries of dia-
and paramagnetic muon states in LiF/NaF (Li/Na blue, F green),
CaF2/BaF2 (Ca/Ba red), and CoF2 (Co magenta). Translucent spheres
represent the equilibrium ionic positions before the muon (brown) is
introduced into the crystal. Black lines are a guide to the eye. The
c axis is vertical.

calculated structures (Fig. 1) allow us to study the radial
displacements of the ions as a function of their unperturbed
distance from the muon site (Fig. 2). The calculated displace-
ments demonstrate that the muon’s perturbation is large but
short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
of the nearest neighbor (n.n.) cations even exceeds those
of the fluoride ions bound in the F-µ-F state. At short
distances the direct Coulomb interaction between the muon
and the surrounding ions dominates over the elastic interaction
transmitted through the lattice. We therefore expect similar
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FIG. 2. (Color online) The radial displacements of the ions as
a function of their distance from the muon site in the unperturbed
crystal. Cation (black circle), fluoride (blue square). For all com-
pounds the displacements are well converged already on a 2 × 2 × 2
supercell but for LiF and CoF2 the F-µ-F displacements are shown
for larger cells.

distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this
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short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
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distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this
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ments demonstrate that the muon’s perturbation is large but
short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
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distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this

121108-2

𝐴 =
2𝜇a
3
𝛾A𝛾E𝜌(𝑟E)

𝐴 =
∫𝑟2𝑑𝑟 𝜓 𝑟 2𝐴(𝑟)
∫ 𝑟2𝑑𝑟 𝜓 𝑟 2

4

0.0

0.5

1.0

1.5

2.0

2.5

A
(G

H
z) Mu

Hi
0

0.0

0.2

0.4

0.6

r
2

|
|2

(a
.u

.)

0.0

0.05

0.1

0.15

0.2

|
|2

(a
.u

.)

0.0

0.5

1.0

1.5

2.0

2.5

E
(e

V
)

-1.0 -0.5 0.0 0.5 1.0

DFT total energy
Mu (HA)

Hi
0

(HA)

Mu

Hi
0

Mu (harmonic)

Hi
0

(harmonic)
Mu (FD)

Hi
0

(FD)

-1.0 -0.5 0.0 0.5 1.0

Distance from equilibrium (A)

FIG. S3. (color online). Quantum correction to contact hy-
perfine coupling using both the harmonic approximation (HA)
and by solving the full Schrödinger equation using finite dif-
ferences (FD) along two eigenmodes in CoF2. From top to
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i (HA red; FD purple);
the potential energy above equilibrium calculated from the
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Mu and H0

i . While for the mode on the left the HA is quite
reasonable, there are large deviations for the second mode.
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• Muonium placed in chosen low-symmetry 
crystalline sites.

• In CaF2, BaF2 and CoF2 Mu occupies 
octahedral sites. 

• Contact hyperfine coupling A between muon 
spin and surrounding spin density calculated.

• Vibrational modes of the defect calculated. 
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TABLE II. Calculated and experimental contact hyperfine cou-
plings (MHz) and zero-point energies E (eV) of Mu and H defects.
A: “classical” hyperfine coupling; ⟨A⟩: quantum corrected value using
the harmonic approximation (HA), by solving the full Schrödinger
equation using finite differences (FD). The ratio of EHA for the Mu
and H modes is close to

!
mp/mµ ≈ 3 indicating highly localized

modes. aMeasured (Ref. 33) to be 0.12 eV at 100 K. bWhile no
experimental value Aexp has been reported for CoF2, a total coupling
of 1280 MHz has been measured (Ref. 34) in MnF2. The dipolar
coupling (without quantum correction) in CoF2 is ≈ 71 MHz (0.52 T
along c) and adds to the contact term.

A EHA ⟨A⟩HA EFD ⟨A⟩FD Aexp

Vac. Mu 4711 4463
H0

i 1480 1420
LiF Mu 4368 0.50 4256 0.51 4238 458427

H0
i 1372 0.18 1361 0.17 1360 140028

NaF Mu 4389 0.38 4293 0.42 4208 464227

H0
i 1379 0.13 1371 0.14 1367 150029

CaF2 Mu 4610 0.31 4564 0.33 4564 447930

H0
i 1448 0.10a 1440 0.10 1440 146431

BaF2 Mu 4605 0.20 4560 0.23 4565
H0

i 1447 0.07 1440 0.07 1440 142432

CoF2 Mu 1281 0.62 1397 0.59 1535 b

H0
i 403 0.21 420 0.20 441

(−25%) by the presence of the Mu. The estimate of the dipolar
coupling assumes that the relative perturbation of the total
moment is also −25% and takes account of crystallographic
distortions.15 The contact hyperfine coupling A is related to
the unpaired spin density ρ(rn) at the muon/proton position rn

via A = 2µ0
3 γeγnρ(rn), where γe is the electron gyromagnetic

ratio and γn is the muon/proton gyromagnetic ratio. The spin
density was obtained using the projector-augmented wave
reconstruction method35 and the resulting contact hyperfine
couplings are shown in Table II. However, due to the ZPE of
the defect, the defect wave function has a finite spread leading
to a quantum correction to the hyperfine coupling. This has
been previously studied in Si, Ge, and diamond.10,11 Although
a complete treatment would involve a parametrization of
the full three-dimensional contact hyperfine coupling and
potential energy surface to calculate the three-dimensional
wave function,10 we obtain an estimate of this correction as
follows. The vibrational modes of the defect were calculated
using DFPT and the potential energy and hyperfine coupling
were calculated along the direction of the eigenmodes. Since
the eigenmodes are mutually perpendicular, the motion along
the three modes decouples and the wave function factorizes.
We have then calculated the Mu and H0

i wave functions in
two ways. The first is an anisotropic harmonic approximation
where the wave function along each mode is the ground-state
wave function of the harmonic oscillator with the frequency ω
given by the calculated vibrational frequency. Inspection of the
potential energy surface has revealed significant anharmonic
terms along some directions in some of the compounds.15

We have therefore also solved the full Schrödinger equation
along the calculated mode directions using a finite-differences
method. From the calculated contact hyperfine couplings A(r)

and the Mu/H0
i wave function ψ(r), we have obtained the

estimated quantum correction ⟨A⟩ from ⟨A⟩ =
"

r2dr|ψ(r)|2A(r)"
r2dr|ψ(r)|2 .

The calculated couplings A(r) and wave function ψ(r) are
weighted by r2 to obtain an approximate three-dimensional
average. This approximation is accurate so long as ψ(r)
and A(r) are approximately spherically symmetric between
neighboring points on the integration grid. Since the average
is taken over three mutually perpendicular directions, we
expect this to be a reasonable approximation. The quantum
corrections are also tabulated in Table II. Note that this
correction is smaller for the heavier H0

i . Our estimates are
within 10% of the experimental value for LiF and NaF, the
same level of accuracy as previous calculations in Si, Ge, and
diamond,10,11 and within 2% of the experimental value for
CaF2.

There has been considerable interest recently in identifying
muon sites by locating the minima of the electrostatic potential
of the unperturbed host.36–40 We have therefore compared the
muons sites in this series with the location of the minima
of the electrostatic potential of the unperturbed solid, and
have found that these do not generally coincide.15,18 In the
diamagnetic case this is primarily due to the formation of the
molecular F-µ-F state. While interstitial Mu interacts more
weakly with the host due to the screening by the Mu electron,
this screening also makes Mu less sensitive to the host’s
electrostatic potential and the Mu site is mainly determined
by the space required to accommodate the Mu electron. All
of the compounds studied here are very ionic in character and
the µ+-lattice interaction is therefore expected to be stronger
than in more covalent insulators or metals (where the µ+

charge would at least be partially screened). Nonetheless we
expect the combination of this screening (where operative),
the muon-lattice interaction, and the muon’s exceptionally
large zero-point energy to frequently lead to muon localization
away from the minima of the electrostatic potential of the
unperturbed host. We therefore believe that muon sites cannot
be determined reliably on the basis of the electrostatic potential
alone.

In conclusion we have demonstrated systematically how
DFT can be used to comprehensively address the two most
fundamental limitations of the µ+SR technique: the problem
of the unknown muon site and the perturbation exerted by the
muon on its host. We note that the detailed understanding of the
nature of the muon’s state in solids is relevant beyond the field
of µ+SR since the muon acts as a light analog of hydrogen,
which is a ubiquitous impurity in all technologically important
semiconductors, where it strongly affects the electronic and
structural properties of the material.41
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• µ+/Muonium stopping sites DO NOT coincide with minimum of 
electrostatic potential.

• Stopping site for µ+ related to energy minimization of F-µ-F state.

• Muonium’s electron screens µ+, and it is not attracted to the electrostatic 
minimum. 

µ+ /Muonium in Fluorides: Stopping Sites 2

(a) LiF (011) (b) CaF2 (011) (c) CoF2

Mu

+

Mu

+

+

0 (and below)

1 eV (and above)

FIG. S1. (color online). Calculated electrostatic potential for the unperturbed solid. Blue coloring indicates regions that are
attractive to a positive charge, red regions repel a positive charge. Below and above the end of the scale the color coding is
blue and red respectively with no further gradient. The scale is relative and cannot be compared between di↵erent compounds.
Ions are drawn at their ionic radii. Li (blue), F (green), Ca (red), Co (magenta). The c axis is vertical. Arrows indicate the
dia- and paramagnetic muon sites obtained through a full relaxation, which agree with the experimentally determined muon
sites. In CoF2 the muonium site is close to the octahedral site that also hosts the diamagnetic muon. Note also that the muon
zero point energy, characterizing the extent of its delocalization in the absence of bonding, is about 0.8 eV in the F–µ–F state
and about 0.2� 0.6 eV as muonium, see tables I and II in the main text.

For Mu in CoF2 the dipolar coupling was estimated
from the dipolar coupling to the Co moments only. The
Mu electron spin density is approximately spherically
symmetric and therefore only yields a small contribution
to the dipolar coupling, which has been neglected. The
Co moment was assumed to be 2.64µB and the pertur-
bation of the n.n. moment was taken to be �25% (the
calculated reduction of the spin-only moment). The per-
turbation of the spin-only moments of the other Co ions
in the supercell was negligible. At di↵erent levels of ap-
proximation the dipolar coupling is 0.49 T (unperturbed
crystal), 0.72 T (crystallographic distortions only) and
0.52 T (crystallographic distortions and perturbation of
the n.n. Co moment), all are along c and have the same
sign as the contact coupling.

II. COMPARISON WITH ELECTROSTATIC
POTENTIAL

There has been considerable interest recently in iden-
tifying muon sites by locating the minima of the elec-
trostatic potential of the unperturbed host (calculated
at varying levels of complexity).S8–S12 In this section we
compare the sites of the dia- and paramagnetic muons ob-
tained through a full ionic relaxation (which, as demon-
strated, are in excellent agreement with the experimen-
tal sites) with the location of the minima of the elec-
trostatic potential of the unperturbed solid. We define
electrostatic potential to mean the inverted sum of the
conventional Hartree and ionic potentials (convention-
ally defined to be positive in regions that repel elec-
tronic charge density). The calculated electrostatic po-
tentials are shown in Fig. S1 for three of the compounds
of this series. It is evident that the minima of the elec-
trostatic potential do not coincide in general with the

correct dia- or paramagnetic muon sites.S13 In the dia-
magnetic case this is due to the interaction of the muon
with its host and in particular the formation of the molec-
ular F–µ–F state which, having the strongest known hy-
drogen bond,S14 releases a substantial amount of energy
upon formation. While interstitial muonium generally
interacts more weakly with the host due to the screening
by the Mu electron, this screening also makes muonium
less sensitive to the host’s electrostatic potential and the
site of muonium localization is mainly determined by the
space required to accommodate the Mu electron. Muo-
nium could also be located in a bond-centered rather than
an interstitial location, in which case there usually is a
significant interaction with the lattice.S15,S16 As argued
in the main text, the muon can have an exceptionally
large zero-point energy which needs to be taken into ac-
count if di↵erent candidate sites are investigated (in this
series the ionic relaxation only yielded a single dia- and
paramagnetic site). It is therefore clear that muon sites
should not be assigned to the minima of the electrostatic
potential of the unperturbed solid without detailed anal-
ysis.

III. EXPERIMENTAL SEARCH FOR F–µ–F
STATE IN COBALT(II) FLUORIDE

A powder sample of CoF2 (Sigma Aldrich 236128) was
wrapped in 25 µm silver foil and mounted in a 4He cryo-
stat on the GPS instrument at the Paul Scherrer In-
stitut in Switzerland. Above the critical temperature
of 37.85 K, we observed oscillations in the muon de-
cay asymmetry A(t) characteristic of an F–µ–F state,
see Fig. S2. The data were fitted to

A(t) = A1 exp(��1t)Dz

(t) +Abg exp(��bgt), (S1)
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(e) + in CoF2 (f) Muonium in CoF2

(c) + in CaF2/BaF2 (d) Muonium in CaF2/BaF2

(a) + in LiF/NaF (b) Muonium in LiF/NaF

FIG. 1. (Color online) Calculated equilibrium geometries of dia-
and paramagnetic muon states in LiF/NaF (Li/Na blue, F green),
CaF2/BaF2 (Ca/Ba red), and CoF2 (Co magenta). Translucent spheres
represent the equilibrium ionic positions before the muon (brown) is
introduced into the crystal. Black lines are a guide to the eye. The
c axis is vertical.

calculated structures (Fig. 1) allow us to study the radial
displacements of the ions as a function of their unperturbed
distance from the muon site (Fig. 2). The calculated displace-
ments demonstrate that the muon’s perturbation is large but
short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
of the nearest neighbor (n.n.) cations even exceeds those
of the fluoride ions bound in the F-µ-F state. At short
distances the direct Coulomb interaction between the muon
and the surrounding ions dominates over the elastic interaction
transmitted through the lattice. We therefore expect similar
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FIG. 2. (Color online) The radial displacements of the ions as
a function of their distance from the muon site in the unperturbed
crystal. Cation (black circle), fluoride (blue square). For all com-
pounds the displacements are well converged already on a 2 × 2 × 2
supercell but for LiF and CoF2 the F-µ-F displacements are shown
for larger cells.

distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this
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• Muon/Muonium placed in chosen crystalline sites.

• DFT calculation performed with Plane-wave code 
Quantum espresso.  Pseudopotentials used.

• DFT predicted formation of the linear F-µ-F states in 
LiF, NaF, CaF2 and BaF2, in agreement with 
experiments. DFT predicted a F-µ-F state in CoF2, 
which was then found in experiments. 

• DFT predicted the perturbation to the cation lattice 
caused by the muon implantation, and its effect on 
dipolar field. 

• The method that estimate the contribution of the 
vibrational modes is, again, not necesarily
transferable.  And the effect of temperature is 
ignored.

• DFT used to discard the use of the minima of the 
electrostatic potential in the unperturbed host to 
identify potential µ+ /muonium stopping sites. 

µ+ /Muonium in Fluorides: Summary



Organization of the Talk

SECTION 1:

Key concepts, approximations and computer 
implementations of DFT. 

SECTION 2: 

How DFT results  can be related to muon results in molecular 
systems: the case of Carbene, C6H6-Mu and C6H7

SECTION 3:

How DFT results  can be related to muon results in periodic 
systems: the case of fluorides. 

SECTION 4:

How to improve the approximations used in DFT: Treatment 
of the vibrational contributions and the location of the muon 
stopping sites.



PyAIRSS and Ab Initio Thermodynamics for Defects

Random Structure Searching:
1)Choose region in Si cell to be 
disrupted. 
2)Chose Si atoms whose positions will 
be randomised within the chosen 
region.
3)Placed Mu or µ+ in the chosen 
region.
4)Relax using calculated DFT forces
5)Then estimate defect formation 
energies. 

A. J. Morris, et. al., Phys. Rev. B 80, 144112 (2009).
L. Liborio, et. al., Phys. Rev. B 77, 104104, (2008).
C. Pickard et. al. J. Phys.: Condens. Matter 23 (2011) 053201 

Mu in SiliconSpin-polarized muons in condensed matter physics S. J. Blundell 8

Figure 11: The crystal structure of silicon, showing the
possible muonium sites (T=tetrahedral site, BC=bond-
centre site).

Figure 12: Repolarization of the initial muon polar-
ization.

trast ESR detection needs ∼ 1012 radicals in a cavity,
forbidding measurements at high temperatures where
the radicals become mobile and terminate by combi-
nation. The technique has been applied to radicals in
various environments (Roduner 1993) including those
absorbed on surfaces (Reid et al. 1990).

In all cases the muonium can be studied by mea-
suring precession signals in an applied magnetic field,
or by using a technique known as repolarization (Fig-
ure 12). In this latter method a longitudinal magnetic
field is applied to the sample, along the initial muon-
spin direction, and as the strength of the magnetic field
increases, the muon and electron spins are progressively
decoupled from the hyperfine field. For isotropic muo-
nium, half of the initial polarization of implanted muons
is lost because of the hyperfine coupling, but this is re-
covered in a sufficiently large applied field (Figure 12),
allowing an estimate of the strength of the hyperfine
field. If the hyperfine coupling is anisotropic then this
affects the form of the repolarization curve, allowing

further information to be extracted (Pratt 1997).

At very high fields, when the electron and muon spins
are completely decoupled, the initial muon polarization
is preserved. However, at certain values of the magnetic
field a level-crossing of energy levels may occur. In fact,
there is one at very high field in vacuum muonium (see
Figure 10(b)). Interactions between the muon-electron
system and nuclei in the host material cause the pure
Zeeman states to mix near these level-crossings, thereby
avoiding the crossing, and this can lead to a loss of po-
larization. This provides a further technique to extract
hyperfine coupling strengths and also measurements of
quadrupole couplings (Cox 1987, Roduner 1993, Brewer
1994). It turns out that these avoided-level-crossing res-
onances are also a sensitive probe of dynamics and this
technique has been applied to a number of studies of
molecular motion (Roduner 1993).

An interesting situation occurs in the case of C60 in
which muonium can implant inside the buckyball cage
(this state is called endohedral muonium). The un-
paired electron part of the muonium greatly enhances
the sensitivity to scattering from conduction electrons
so that this state is extremely useful for studying alkali-
fulleride superconductors (MacFarlane et al. 1998). It
is also possible to form a muonium radical by external
addition, essentially muonium attacking the outside of
a buckyball, breaking a double bond and ending up
covalently bonded to a single saturated carbon atom.
This centre is very sensitive to the molecular dynamics
of the local environment and has been used to extract
the correlation time for molecular reorientation (Kiefl
et al. 1992).

In metallic samples the muon’s positive charge is
screened by conduction electrons which form a cloud
around the muon, of size given by a Bohr radius. Thus
µ+, rather than muonium, is the appropriate particle to
consider in a metal. (The endohedral muonium found
in alkali fulleride superconductors is the only known
example of a muonium state in a metal.) In insulators
and semiconductors screening cannot take place so that
the muon is often observed in these systems either as
muonium or is found to be chemically bound to one of
the constituents, particularly to oxygen if it is present.
Isotropic muonium states are found in many semicon-
ducting and insulating systems. The value of the hy-
perfine coupling strength is close to that for vacuum
(free) muonium if the band gap is large. For materials
with smaller band gap the hyperfine coupling is lower
reflecting the greater delocalization of the electron spin
density on to neighbouring atoms (Cox 1987).
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(e) + in CoF2 (f) Muonium in CoF2

(c) + in CaF2/BaF2 (d) Muonium in CaF2/BaF2

(a) + in LiF/NaF (b) Muonium in LiF/NaF

FIG. 1. (Color online) Calculated equilibrium geometries of dia-
and paramagnetic muon states in LiF/NaF (Li/Na blue, F green),
CaF2/BaF2 (Ca/Ba red), and CoF2 (Co magenta). Translucent spheres
represent the equilibrium ionic positions before the muon (brown) is
introduced into the crystal. Black lines are a guide to the eye. The
c axis is vertical.

calculated structures (Fig. 1) allow us to study the radial
displacements of the ions as a function of their unperturbed
distance from the muon site (Fig. 2). The calculated displace-
ments demonstrate that the muon’s perturbation is large but
short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
of the nearest neighbor (n.n.) cations even exceeds those
of the fluoride ions bound in the F-µ-F state. At short
distances the direct Coulomb interaction between the muon
and the surrounding ions dominates over the elastic interaction
transmitted through the lattice. We therefore expect similar
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FIG. 2. (Color online) The radial displacements of the ions as
a function of their distance from the muon site in the unperturbed
crystal. Cation (black circle), fluoride (blue square). For all com-
pounds the displacements are well converged already on a 2 × 2 × 2
supercell but for LiF and CoF2 the F-µ-F displacements are shown
for larger cells.

distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this
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• Unified approach to describe the effects of an-
harmonicity at zero and finite temperatures.

• Define the potential energy surface (PES) for 
the harmonic phonon coordinates. Define Hvib.

• Explore PES at large displacements, where it 
becomes an-harmonic.

• Calculate the an-harmonic phonons free-
energies and the associated vibrational excited 
states using vibrational self-consistent field 
(VSCF) equations.  

• Use perturbation theory on the VSCF equations 
and correct total vibrational free energy.

• Bartomeu M. et. al., PRB 87, 144302 (2013)

hfccVSCF hfccHA hfccFD hfccexp.

4308.4 (MHz) 4256 (MHz) 4238 (MHz) 4584 (MHz)



Conclusions – Take Home Points
• Muon/Muonium placed in chosen crystalline/Molecular sites.

• Basis set of local functions and B3LYP hybrid functional provide sensible structures for the 
muonated molecules. Plane waves basis sets and GGA pseudopotential provide sensible 
results for muonated Crystals.  Standard DFT calculations can assist experiments.

• Location of muon in molecules.
• Hfcc in Bencene.
• Discard minima of electrostatic potential in crystals as stopping site. 

• Choose right code and XC functional for your system. 

• Methods for estimating vibrational contributions and ZPE in muonated molecules and 
crystals not necessarily transferable and too parametric. 

• Muons stopping site cannot be determined from DFT calculations (Although DFT can 
help).

• AIRSS may help develop a DFT methodology to identify muon stopping sites.

• Vibrational contributions at 0K (ZPE) and at other temperatures can be estimated in a 
consistent way.
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Vibrational Properties

• Unified approach to describe the effects of an-
harmonicity at zero and finite temperatures.

• Define the potential energy surface (PES) for 
the harmonic phonon coordinates. Define Hvib.

• Explore PES at large displacements, where it 
becomes an-harmonic.

• Calculate the an-harmonic phonons free-
energies and the associated vibrational excited 
states using vibrational self-consistent field 
(VSCF) equations.  

• Use perturbation theory on the VSCF equations 
and correct total vibrational free energy.

• Bartomeu M. et. al., PRB 87, 144302 (2013)
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FIG. 4. (Color online) Temperature dependence of the ther-
mal band gap Eg of diamond. The DFT result (red solid
curve) is o↵set to match experimental data (black diamonds)
at zero temperature. The experimental data are from Ref. 44.

tive (gap closing), while opening of the gap is observed
at finite temperature. To investigate this we have calcu-
lated the contribution to the electron-phonon renormal-
ization from each phonon mode, and the results indicate
that low-energy phonons tend to open the gap whereas
high-energy phonons tend to close it. At the ZP level,
all phonons contribute, and the high energy gap-closing
phonons dominate. However, as the temperature is in-
creased, the lower energy phonons are excited more eas-
ily, leading to opening of the gap. At higher tempera-
tures, when the high-energy phonons are excited as well,
the trend is expected to revert to gap closing. In Fig.
5, the higher temperatures explored (close to the melt-
ing point) only show a leveling o↵ of the electron-phonon
correction. Extending the calculations to higher unphys-
ical temperatures (not shown) does take the system into
the gap-closing regime as expected.
Our first-principles calculations for lithium hydride

are, as far as we are aware, the first to show non-
monotonic behavior in the temperature dependence of
a band gap due to electron-phonon interactions. This
behavior has been observed experimentally in ternary
semiconductors48,49 and it has been described by an an-
alytic functional form consisting of the sum of two Bose-
Einstein oscillators of opposite sign and with energies
related to the low and high frequency phonon modes.49

Our calculations show that this di↵erence in behavior be-
tween the low and high frequency phonons is responsible
for the nonmonotonic variation of the gap with temper-
ature.
In Fig. 5 we also show the sum of the contributions

to the gap renormalization from electron-phonon inter-
actions and thermal expansion for H7Li and D7Li. This
simple addition of the two terms is the standard proce-
dure used in the literature.19 However, this approxima-
tion might not be very accurate for a system such as
lithium hydride with a large thermal expansion (see Sec.

0 200 400 600 800
Temperature (K)

2.90

2.95

3.00

3.05

3.10

E g (e
V

)

Static
H7Li
D7Li

FIG. 5. (Color online) Temperature dependence of the ther-
mal band gap Eg of lithium hydride for the isotopes H7Li (red)
and D7Li (green) calculated within DFT. The black double-
dashed-dotted line indicates the value of the static band gap.
Dashed lines refer to the renormalized gaps due to electron-
phonon interactions, dashed-dotted lines refer to the renor-
malization due to thermal expansion with temperature, and
the solid lines are the sum of the two contributions.

VC below). We calculated the electron-phonon inter-
action renormalization to the band gap at the volume
including ZP motion for H7Li, and the real renormaliza-
tion is 4 meV larger than the one found by the simple
addition procedure.

In Fig. 4, a constant energy shift has been added to the
theoretical curve to match experiment at zero tempera-
ture. Standard approximations to the DFT exchange-
correlation functional such as the LDA or PBE do not
reproduce the derivative discontinuity with respect to
particle number of the exact functional. This leads to
a severe underestimation of band gaps in semiconductors
and insulators.50,51 This problem can be addressed in var-
ious ways, the most straightforward being the application
of a scissor operator50,52 to the band gaps. When calcu-
lating band-gap renormalization, we are interested in the
change in the band gap, rather than its absolute value.
The fact that all atomic configurations su↵er from a
similar gap underestimation suggests that the calculated
changes may be accurate even when using standard func-
tionals. This is supported by the calculations of Giustino
and co-workers20 of the electron-phonon band-gap renor-
malization in diamond using Allen-Heine-Cardona per-
turbation theory.18,19 They use both the LDA and the
LDA corrected with a scissor operator, obtaining consis-
tent results. Note that Giustino and co-workers look at
the direct optical gap instead of the thermal gap that we
have studied. Cannuccia and Marini53,54 use many-body
perturbation theory to study the optical gap of diamond
as well, and they report a significant structure in the
spectral function beyond the quasiparticle picture, corre-
sponding to subgap polaronic states.
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FIG. 6. (Color online) Temperature dependence of the coe�-
cient of linear expansion ↵ for diamond. The black diamonds
are experimental results from Ref. 55. The inset shows the
temperature dependence of the lattice parameter.

C. Thermal expansion

We have used the formalism described in Sec. III C to
calculate the internal vibrational stress and the corre-
sponding equilibrium configuration of the crystal as a
function of temperature. The structures of diamond,
H7Li, and D7Li are described by a single parameter,
so the di↵erent equilibrium configurations di↵er only in
the volume. We present results for the thermal expan-
sion of diamond, H7Li, and D7Li. All calculations re-
ported in this section have treated anharmonicity at the
independent-phonon level.

In Fig. 6 we show the temperature dependence of the
lattice parameter a(T ) of diamond and the correspond-
ing temperature dependence of the linear coe�cient of
thermal expansion,

↵(T ) =
1

a

da

dT
. (25)

We compare our results with experimental data from Ref.
55. The agreement is good for temperatures below 1200
K, but at higher temperatures the calculated ↵(T ) under-
estimates the experimental values. This e↵ect is also seen
in calculations using the quasiharmonic approximation.15

Our methodology assumes a volume-independent inter-
nal vibrational stress tensor for the volumes of interest
at each iteration, as described in Sec. III C. Iterating the
calculation at the volume including the ZP phonon pres-
sure, leads to a change in the phonon pressure of dia-
mond of less than �0.05 GPa, which represents less than
1.5% of the total phonon pressure. This means that for
diamond a single iteration is su�cient for obtaining con-
verged results.

The results for the lithium hydride isotopes are shown
in Fig. 7 and are compared with experimental data from
Ref. 56. The lattice parameters of the di↵erent isotopes

0 200 400 600 800
Temperature (K)

0

1

2

3

4

5

6

7

8

α
 (1

0-5
 K

-1
)

H7Li
D7Li
H7Li (exp.)

D7Li (exp.)

0 200 400 600 800
Temperature (K)

7.7

7.8

7.9

8.0

8.1

La
tti

ce
 p

ar
am

et
er

 (a
.u

.)

FIG. 7. (Color online) Temperature dependence of the coef-
ficient of linear expansion ↵ for lithium hydride with isotopic
compositions H7Li and D7Li. The experimental data are from
Ref. 56. The inset shows the temperature dependence of the
lattice parameters.

show the expected behavior, with the lighter compound
leading to a larger ZP phonon pressure and therefore to
a larger lattice expansion. In contrast, the linear coe�-
cient of thermal expansion is larger for the heavier deu-
terium compound, in agreement with experiment. The
phonons of D7Li have lower energies than those of H7Li,
and therefore they are excited more easily with increas-
ing temperature. This leads to the thermal expansion
coe�cient being larger for D7Li at low temperatures.
The volume change in lithium hydride due to ZP mo-

tion is much larger than that in diamond. The change
in ZP phonon pressure between the first and second it-
erations is as large as �0.22 GPa, representing 11% of
the absolute value. In this case the second iteration is
important for obtaining accurate results. The change
in pressure is negative because the expanded lattice (af-
ter the first iteration) has softer phonons than the static
DFT lattice, which leads to smaller phonon pressures.
The absolute values of the lattice parameters within

DFT are known to deviate systematically by a few per-
cent from experimental results. However, the di↵erences
in lattice parameters within a given DFT approximation
are expected to be accurate. These are displayed in Ta-
ble II. Mounet and Marzari (Ref. 15) find the same ZP
expansion for diamond using the PBE functional, rather
than the LDA that we have used, even though the abso-

TABLE II. Static DFT and ZP renormalized lattice parame-
ters of diamond, H7Li, and D7Li.

astatic (a.u.) aZP (a.u.) �a (a.u.)

Diamond (LDA) 6.669 6.694 +0.025

H7Li (PBE) 7.600 7.758 +0.158

D7Li (PBE) 7.600 7.726 +0.126
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J. S. MÖLLER et al. PHYSICAL REVIEW B 87, 121108(R) (2013)

(e) + in CoF2 (f) Muonium in CoF2

(c) + in CaF2/BaF2 (d) Muonium in CaF2/BaF2

(a) + in LiF/NaF (b) Muonium in LiF/NaF

FIG. 1. (Color online) Calculated equilibrium geometries of dia-
and paramagnetic muon states in LiF/NaF (Li/Na blue, F green),
CaF2/BaF2 (Ca/Ba red), and CoF2 (Co magenta). Translucent spheres
represent the equilibrium ionic positions before the muon (brown) is
introduced into the crystal. Black lines are a guide to the eye. The
c axis is vertical.

calculated structures (Fig. 1) allow us to study the radial
displacements of the ions as a function of their unperturbed
distance from the muon site (Fig. 2). The calculated displace-
ments demonstrate that the muon’s perturbation is large but
short ranged. While it is known that the perturbation of the
fluoride ions must be significant based on the experimentally
measured F-µ bond lengths of the F-µ-F states found in many
fluorides,12,13 we can now quantify the perturbation of the
cations as well. Since localized magnetic moments would be
located on the cation, the cation displacements are particularly
pertinent to understanding the effect of the muon’s perturbation
on experimentally measured µ+SR spectra discussed below.
Our results show that in LiF, CaF2, and BaF2 the perturbation
of the nearest neighbor (n.n.) cations even exceeds those
of the fluoride ions bound in the F-µ-F state. At short
distances the direct Coulomb interaction between the muon
and the surrounding ions dominates over the elastic interaction
transmitted through the lattice. We therefore expect similar
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FIG. 2. (Color online) The radial displacements of the ions as
a function of their distance from the muon site in the unperturbed
crystal. Cation (black circle), fluoride (blue square). For all com-
pounds the displacements are well converged already on a 2 × 2 × 2
supercell but for LiF and CoF2 the F-µ-F displacements are shown
for larger cells.

distortions to be present in any ionic insulator, regardless of
whether it contains fluoride ions or not. Indeed we believe
that the formation of the F-µ-F state somewhat mitigates the
n.n. cation distortions due to the attraction of negative charge
density towards the muon. At short distances all displacements
are radially in- or outwards from the muon due to the symmetry
of the site. Beyond the n.n. shell, elastic interactions cause
some nonradial displacement.

We have also investigated the effect that the muon has
on the magnetic moments of the surrounding ions. In this
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• Calculated spin-only moment 2.68µB per Co ion.  Exp. Result: 
2.21µB.  The prescence of µ+ does not affect spin-only moment 
in Co. 

• Dipolar coupling of µ+ with dipolar field calculated. Effect on 
dipolar field at muon site in agreement with experiment. 

• Calculation of vibrational modes for F-µ-F: system is molecule-
in-crystal.

• Consideration of quantum effects – BO does not work – via 
ZPE.  

• ZPE of F-µ-F exceptionally large. Quantum effects important.

RAPID COMMUNICATIONS

QUANTUM STATES OF MUONS IN FLUORIDES PHYSICAL REVIEW B 87, 121108(R) (2013)

series only CoF2 is magnetic. The spin-only moment was
estimated from a Löwdin population analysis to be 2.68µB
per Co ion. This compares with a total moment of 2.60(4)µB
measured with powder neutron diffraction21 and a spin-only
moment of 2.21(2)µB determined from high-energy photon
diffraction.22 We find the largest perturbation of the Co
spin-only moment due to the presence of the diamagnetic
muon to be about ±0.5% and therefore negligible. We believe
that the perturbation of the total moment will be similar
and therefore have a negligible effect on experimental µ+SR
spectra.15

In a µ+SR experiment, a muon at position rµ couples to the
dipolar field15 Bdip(rµ) of the host’s magnetic moments. There
is negligible contact hyperfine coupling for the diamagnetic
F-µ-F muons, so in CoF2 the F-µ-F muons only probe Bdip(rµ),
which we have calculated for both an unperturbed crystal
and an aperiodic perturbed crystal (simulating the presence
of the muon).15 The perturbation of the magnetic moments
has been neglected. Our calculations predict a reduction
of the dipolar field at the muon site by 21.4% (2 × 2 × 2
supercell), 23.6% (3 × 2 × 3 supercell), and 23.9% (4 × 2 × 2
supercell). Experimentally the dipolar coupling is measured to
be 16% lower16 than expected from a Co moment of 2.64µB.
This is in reasonable agreement with our prediction and
demonstrates that relaxed geometries obtained from DFT are
suitable for calculating corrections to expected dipolar fields
and hence magnetic moments measured by µ+SR. Note that
the perturbation of the n.n. cations in CoF2 is fairly moderate
in comparison with the other compounds in this series (Fig. 2).
Nonetheless the n.n. cation displacements in CoF2 have a
significant effect on the calculated dipolar coupling due to the
short-ranged nature of the dipolar interaction.15 This illustrates
that in ionic insulators the muon’s perturbation cannot be
neglected if magnetic moments are to be measured accurately
by µ+SR. In more covalent compounds we expect the µ+

charge to be more screened and so structural distortions are
probably smaller.

All of the results above are valid for a positive muon,
a proton, or a deuteron defect and are “classical” in the
sense that they do not take account of zero-point effects
due to the small muon mass (mµ ≈ mp/9). We have used
density-functional perturbation theory23 (DFPT) to calculate
the vibrational properties of the F-µ-F system in the solid
and in vacuum (Table I). In vacuum the linear (F-µ-F)−

anion has four vibrational modes: symmetric stretch, bending
(twofold degenerate), and asymmetric stretch. In the solid the
twofold degeneracy of the bending mode is broken due to the
symmetry of the site: in LiF, NaF, CaF2, and BaF2 there are
two fundamentally inequivalent directions of bending; one is
towards a neighboring cation and is shifted up in frequency
while the other direction is into a “gap” in the crystal structure
and is shifted down in frequency. The asymmetric stretch is
very similar to its vacuum value except in CaF2, where the
small bond length leads to a larger value. In CaF2, BaF2, and
CoF2 all F-µ-F modes are highly localized and decouple from
the lattice modes. The decoupling of the vibrational modes of
the linear F-µ-F system illustrates that it may be viewed as a
molecule-in-a-crystal defect similar to the VK center found in
the alkali halides.24 In LiF and NaF the symmetric stretch mode
mixes with the lattice modes so this analogy is slightly less

TABLE I. Calculated (DFT) and experimental (exp) properties of
the diamagnetic F-µ-F states in solid and vacuum, and of the (FHF)−

molecular ion in vacuum. r (Å) is the muon-fluoride bond length, ν

is the frequency (cm−1) of the symmetric stretch (SS), asymmetric
stretch (AS), and bending (B) mode, and ZPE is the zero-point energy
(eV). aOur calculation. bExperimental data (Ref. 19). cRef. 20 reports
1377 cm−1.

2rDFT 2rexp νSS νB νB νAS ZPE

(FHF)−a 2.36 2.28 581 1289 1289 1611 0.30
(FHF)−b 2.28 583 1286 1286 1331c 0.28
(F-µ-F)− 2.36 581 3797 3797 4748 0.80
LiF 2.3418 2.36(2)12 2825 4603 4881 0.76
NaF 2.35 2.38(1)12 3071 4363 4813 0.76
CaF2 2.31 2.34(2)12 649 2737 4481 5446 0.83
BaF2 2.33 2.37(2)12 613 3033 4130 4974 0.79
CoF2 2.36 2.43(2) 585 3076 3473 4570 0.73

apposite. From the frequencies of the decoupled vibrational
modes we have estimated the zero-point energy (ZPE) of the
system (in the harmonic approximation). The muon-fluoride
(or hydrogen-fluoride) bond is the strongest known hydrogen
bond in nature.25 Combined with the small mass of the muon
this leads to the exceptionally large ZPE of the F-µ-F center
of 0.80 eV in vacuum, which is larger than the ZPE of any
natural triatomic molecule (the ZPEs of H2O and H+

3 are 0.56
and 0.54 eV, respectively26). This demonstrates the importance
of quantum effects in muon localization.

We now discuss the properties of the neutral muonium (Mu)
state in this series. The calculated equilibrium geometries
are shown in Fig. 1. Since the muon charge is screened by
an electron, the Mu site is fundamentally different to the
diamagnetic site. In LiF and NaF, Mu occupies the octahedral
interstitial site. An interstitial site was previously suggested
based on the observed hyperfine coupling.27 In CaF2 and BaF2,
Mu occupies the octahedral cation-cation centered site; the
fluoride-fluoride centered octahedral site is unstable. In CoF2
we find a single Mu site in a nearly octahedral position at
approximately (0.56, 0.84, 0.50), distorted by the neighboring
fluoride. Figure 2 shows the radial displacements of the ions
from the Mu defect. Due to the screening effect of the Mu
electron, the displacements are generally much smaller than
for the diamagnetic µ+. In LiF, NaF, CaF2, and BaF2 the
displacements of the n.n. ions are again along the radial
direction due to the symmetry of the Mu site and the ions
are only displaced away from the Mu. In CoF2 the symmetry
of the Mu site is lower, leading to small displacements in the
tangential direction, even for the n.n. shell, through elastic
interactions with the lattice. These are also the likely cause
for the effective attraction of some ions despite the neutral
charge state of Mu. All of this also applies to neutral interstitial
hydrogen H0

i .
The paramagnetic state is experimentally characterized

by the (dipolar and contact) hyperfine coupling between the
muon (proton) spin and the surrounding spin density. For all
paramagnetic states above, except the one in CoF2, the dipolar
coupling cancels by symmetry. Unlike in the diamagnetic
case, the n.n. Co spin-only moment is significantly perturbed
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